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Abstract In this paper, we propose a variational im-

age segmentation framework for multichannel multi-

phase image segmentation based on the Chan-Vese ac-

tive contour model. The core of our method lies in find-

ing a variable u encoding the segmentation, by minimiz-

ing a multichannel energy functional that combines the

information of multiple images. We create a decompo-

sition of the input, either by multichannel filtering, or

simply by using plain natural RGB, or medical images,

which already consist of several channels. Subsequently

we minimize the proposed functional for each of the

channels simultaneously. Our model meets the neces-

sary assumptions such that it can be solved efficiently

by optimization techniques like the Chambolle–Pock

method. We prove that the proposed energy functional

has global minimizers, and show its stability and con-
vergence with respect to noisy inputs. Experimental re-

sults show that the proposed method performs well in

single- and multichannel segmentation tasks, and can

be employed to the segmentation of various types of

images, such as natural and texture images as well as

medical images.
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1 Introduction

The fundamental task of image segmentation is the par-

titioning of an image into regions that are homogeneous

according to certain characteristics, such as intensity or

texture, by removing all variation except for the edges

of image regions. This process plays a fundamental role

in many important application fields, such as object

detection, recognition and measurement, especially in

the area of medical imaging. Many successful methods

for image segmentation are based on variational models

and active contour models, which share the feature that

they find the optimal segmentation as a minimizer of

an objective functional, that generally depends on the

given image and the traits that are used to identify the

different segmented regions. In initial works, the main

focus has been on the development of methods for two-

phase segmentation, where the goal is to partition a

given image into two regions, one representing the ob-

ject to be detected, and the second one representing the

background.

The extension to multiphase image segmentation,

i.e. the partitioning of images with multiple regions,

constitutes a more challenging problem than two-phase

segmentation. In [32] Vese and Chan generalized their

two-phase approach proposed in [11] to a multiphase

model, by using multiple level-set functions operating

on the same image. Both, piecewise constant and piece-

wise smooth cases, are studied. The advantage of us-

ing level-set functions to represent the regions is that

the problems of vacuum and overlap are automatically

eliminated. However, this method has several drawbacks

such as slow convergence, the fact that multiple regions

can not be handled in a straightforward manner, and

the possible convergence towards undesirable local min-

ima.
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The method we propose is inspired from the Chan-

Vese approach, and addresses the challenge of achiev-

ing efficiently the multichannel multiphase segmenta-

tion task. For the latter, we prove rigorously existence

of solutions, stability and convergence. We also provide

efficient implementation and experimental simulations

that demonstrate the applicability of our method.

The paper is structured as follows. In Section 2,

we will briefly review some of the most fundamental

two-phase segmentation functionals, their extensions to

multiphase models and some more recent works which

are related to the proposed method. We then introduce

the proposed method in Section 3 and present the asso-

ciated mathematical analysis in the subsequent section.

In Section 5 we discuss details of the numerical imple-

mentation and optimization of our method. Then, in

Section 6, we demonstrate the possible applications and

experimental results, before finally discussing drawn

conclusions and future plans in Section 7.

2 Background

In this section, we briefly review some of the most fun-

damental two-phase segmentation functionals from the

literature, their extensions to multiphase models and

some more recent works that are related to the method

proposed in the present article. More specifically, we

consider region-based segmentation methods that iden-

tify regions, based on similarities of their pixels.

2.1 The Mumford-Shah Model and its level-set

Representation

Let us give a brief overview of the multiphase and multi-

channel image segmentation methods existing in the lit-

erature. One of the most popular region-based segmen-

tation models is the Mumford-Shah model proposed

in 1989 [26]. In the following, Ω denotes a bounded,

open set with Lipschitz boundary, and f : Ω → [0, 1]

the given image. The idea of Mumford and Shah con-

sists in solving segmentation and denoising problems

by minimizing an energy functional with respect to a

closed contour Γ ⊂ Ω, that partitions Ω into subre-

gions Ωi, i = 1, . . . ,K (in the two-phase case K = 2)

and a function u ∈ H1(Ω \ Γ ). The proposed energy

functional is of the form

EMS(u, Γ ;Ω) = ν|Γ |+ λ

∫
Ω\Γ
|∇u|2 dx (1)

+

∫
Ω

(u− f)2 dx, ν, λ,> 0.

In EMS the first term penalizes the length |Γ | of Γ , the

second term enforces the smoothness of u in Ω \Γ , and

the last term is the fidelity term controlling the dis-

tance of u to the given image f . Finding a minimizer of

the non-convex and non-smooth Mumford-Shah func-

tional (1) constitutes a challenging task, and many ap-

proaches to simplify model (1) have been meanwhile

proposed. In [1, 2, 4] it is described how the simplifi-

cation has been achieved by approximating (1) by a

sequence of simpler elliptic variational problems, where

the length term Γ was replaced by a phase field energy.

A detailed mathematical study of the Mumford-Shah

approach is given in [23]. In the simplest form of the

model, u is assumed to be constant on each segment,

meaning that the second term in the functional (1) van-

ishes. The model then reduces to the so-called piecewise

constant Mumford-Shah Model (PCMS)

EPCMS(u, Γ ;Ω) = ν|Γ |+ λ

∫
Ω

(u− f)2 dx. (2)

Assuming that Ω =
⋃K
i=1Ωi with pairwise disjoint sets

Ωi and piecewise constant functions ui(x) = ci onΩi, i =

1, . . . ,K, model (2) can be rewritten as

EPCMS(Ω, c) =
1

2

K∑
i=1

Per(Ωi, Ω)+λ

K∑
i=1

∫
Ωi

(ci−f)2 dx,

where Ω := {Ωi}Ki=1, c := {ci}Ki=1, and Per(Ωi, Ω) de-

notes the perimeter of Ωi in Ω, i.e. Per(Ωi, Ω) = |∂Ωi∩
Ω|. If the number of phases is 2, i.e. K = 2, the PCMS

model reduces to the Chan-Vese model [11]

ECV(Γ, c0, c1) = ν|Γ | (3)

+ λ

[ ∫
Ω1

(c0 − f)2 dx+

∫
Ω2

(c1 − f)2 dx

]
,

where c0 and c1 are two constants, denoting the mean

value of the image inside and outside the curve Γ , re-

spectively.

In [11], the authors reformulate and solve (3) us-

ing the level-set method [27]. In the level-set method,

Γ ⊂ Ω is represented by the zero level-set of a Lips-

chitz function. More precisely, Γ,Ω1 and Ω2 are given

in terms of the Lipschitz function φ : Ω → R as follows

Γ = {x ∈ Ω : φ(x) = 0},
Ω1 = {x ∈ Ω : φ(x) > 0},
Ω2 = {x ∈ Ω : φ(x) < 0}.
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Then, each term in energy (3) can be expressed in terms

of φ and the Heaviside function H as below

ECV(φ, c0, c1) = ν

∫
Ω

|∇H(φ)|dx (4)

+ λ

∫
Ω

H(φ)
(
c0 − f

)2
dx

+ λ

∫
Ω

(
1−H(φ)

)(
c1 − f

)2
dx,

where the gradient operator ∇ is taken in the sense of

distributions. The variational formulation in the Chan-

Vese model is non-convex, which implies that a stan-

dard gradient-descent implementation is not guaran-

teed to converge to a global minimum.

To overcome this drawback, a convex relaxation ap-

proach was proposed in [9]. More precisely, it was shown

in [9] that for fixed c0, c1 ∈ R a global minimizer of (4)

can be found by considering the following convex min-

imization problem:

min
0≤u≤1

ν

∫
Ω

|∇u|dx+ (5)

λ

∫
Ω

[
(c0 − f)2 − (c1 − f)2

]
udx.

Subsequently we have Ω1 = {x : u(x) ≥ µ} for a.e.

µ ∈ [0, 1]. Since Problem (5) is convex, it allows effi-

cient computation of global minimizers for the Chan-

Vese model (4).

2.2 Contributions related to our approach

While in the previous paragraphs we discussed the par-
titioning of a single image into two regions, we now

present some of the multichannel and multiphase exten-

sions that have been proposed. The Chan-Vese model

described in Section 2.1 was initially expanded to vec-

tor valued systems [10]. This allowed combining multi-

ple images simultaneously to segment the images and

identify the key object. The resulting algorithm is of

particular interest for managing the segmentation of

RGB images, where intensity detectors and channel-

by-channel boundary detectors fail.

2.2.1 Multichannel Extension in Chan-Vese Model

Let fi be the i-th channel of an image on Ω, with i =

1, . . . ,K channels, and the level-set function φ as in (4).

Each channel would contain the same image with some

differences, for instance different frequencies at which

the image was taken, color images, etc. Denote by c̄0 =

(c0,1, . . . , c0,K) and c̄1 = (c1,1, . . . , c1,K) two unknown,

constant vectors.

The extension of the Chan-Vese model (4) to the vector-

valued case [10] is given by

ECV(φ, c̄0, c̄1) = ν

∫
Ω

|∇H(φ)|

+
1

K

K∑
i=1

[∫
Ω

H(φ)
(
c0,i − fi

)2
dx

+

∫
Ω

(
1−H(φ)

)(
c1,i − fi

)2
dx

]
.

As in the scalar case, the model searches for the best

vector-valued approximation taking only two values.

The active contour is the boundary between these two

regions.

2.2.2 Multiphase Active Contours without edges

The initial multiphase algorithm follows the natural ex-

tension of the piecewise constant Mumford-Shah func-

tional for n phases

EnPCMS(u, Γ,Ω) =

n∑
i=1

∫
Ωi

(ci − f)2 + ν|Γ |,

where Ωi’s are the connected components of Ω \ Γ ,

u = ci on Ωi and Γ =
⋃n
i=1 ∂Ωi. In [32] Vese and Chan

proposed to rewrite this in level-set form. The classes

are labelled by i, with 1 ≤ i ≤ 2m = n. The constant

vector of averages is denoted by c = (c1, . . . , cn), where

ci, i = 1, . . . , n is the mean value of f in class i and χi
denotes the characteristic function for each class i. The

energy which is minimized is given by:

En(φ, c) =
∑

1≤i≤n=2m

∫
Ω

(ci − f)2χi dx

+
∑

1≤j≤m

ν

∫
Ω

|∇H(φj)|.

Here, the set of curves Γ is represented by the union

of the zero level-sets of the functions φj . Clearly, for

the case n = 2 (and therefore m = 1) we obtain the 2-

phase energy (4) considered in the active contour model

without edges.

2.2.3 Multichannel Multiphase Extension

In [32] the authors extended the proposed multiphase

model to vector-valued images.

In the resulting multichannel multiphase approach,

the initial data f = (f1, . . . , fK) consists of K channels

and for each channel one has constants cj = (c1,j , . . . cn,j),
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where ci,j is the mean value of fj in class i. In this case,

the model has the following form

En(φ, ci) =
∑

1≤i≤n=2m

K∑
j=1

∫
Ω

(ci,j − fj)2χi dx

+
∑

1≤j≤m

ν

∫
Ω

|∇H(φj)|.

The level-set functions are the same for all channels,

i.e. no additional level-set function for each channel is

needed. However, all of this proposed multichannel and

multiphase models suffer from the existence of unde-

sirable local minima, and the strong sensitivity of the

results with respect to initialization.

A more recent extension of the aforementioned two-

phase approaches is proposed in [21], where the au-

thors develop a multiphase image segmentation method

based on fuzzy region competition [25, 35]. They start

from the generalN -phase region competition functional,

introduce fuzzy membership functions and replace the

error term by the data fidelity of the Mumford-Shah

and Chan-Vese model, respectively. In [24] the relaxed

version of the Chan-Vese two-phase piecewise constant

energy minimization formulation is extended to the four-

phase domain with application to medical image seg-

mentation. Though in both works, the existence of min-

imizers of the resulting energy functionals is proved, in

the present paper we investigate stability and conver-

gence with respect to noisy inputs.

Another interesting method is proposed by Cai et.

al in [6]. Inspired by the observation that binary im-

ages can be recovered quite well from their smoothed

versions by thresholding, they propose a two-stage seg-

mentation method based on the Mumford-Shah model,

where the first stage consists in finding a smooth solu-

tion to a convex variant of the Mumford-Shah model,

and in the second stage a thresholding strategy is ap-

plied in order to reveal different segmentation features.

In the literature many more multiphase segmenta-

tion algorithms that are related to the Chan-Vese or

Mumford-Shah model can be found, see e.g. [5, 30, 34].

Nevertheless, nearly all of these methods restrict to the

information coming from one single image while in our

work we are considering an algorithm that exploits the

increased information of multiple image inputs which

goes beyond the three RGB channels. Furthermore we

present a novel mathematical analysis of stability with

respect to the distorted input images and examine con-

vergence behaviour if the distortion tends to zero.

2.3 Our contributions

In this paper, we introduce a segmentation functional

for multichannel multiphase image segmentation for which

we provide mathematical analysis. The proposed frame-

work can be used for multichannel image segmentation,

where the channels may be obtained from a single im-

age or from multiple images. More precisely, we make

the following contributions:

– We use feature maps obtained by pre-filtering and

minimize our proposed energy functional to divide

the image into regions. Our model can distinguish

between up to K + 1 different regions, where K de-

notes the number of channels.

– The proposed energy functional allows segmentation

of one single image or multiple images, and prevents

the regions found from overlapping. This implies

that in case where the division of images into several

specific regions is generally mastered by combining

different images, as it occurs in medical imaging,

this method is particularly useful. Compared with

the Chan-Vese functional, the one we consider is

smoother, facilitating the algorithmic solving and

its implementation. It also offers more flexibility, as

the corresponding multiphase segmentation is then

based on the number of channels, rather than on the

number of level-sets to consider.

– We propose an efficient implementation of the method

and apply the first-order primal-dual algorithm pro-

posed by Chambolle and Pock in [8] to the con-

strained total variation (TV) minimization problem.

– One of the main emphases of this paper lies on the
theoretical analysis of the proposed energy func-

tional: We prove the existence of minimizers, and

show stability and convergence. As far as we know,

no stability nor convergence result exist when con-

sidering the Chan-Vese functional.

– A major advantage of the proposed method is that

it can be efficiently combined with a deep learning

approach (see e.g. [16, 18, 19, 28] for an overview

of some combined methods). The capacity of neural

networks of extracting meaningful feature represen-

tations of images can be combined with the math-

ematical elegance and efficiency of a fully analysed

variational model. Thus we can exploit the advan-

tages of both worlds.

The aim of this paper is to provide a flexible frame-

work for each kind of multichannel-multiphase image

segmentation, which is particularly relevant for medi-

cal image segmentation problems.
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3 The Proposed Method

LetΩ ⊂ R2 be a bounded domain with Lipschitz bound-

ary, and f = (fi)
K
i=1 : Ω̄ → [0, 1]K denote the given

images. In what follows BV (Ω) denotes the space of

functions of bounded variation on Ω, i.e. the Banach

space of functions u : Ω → [0, 1] with finite norm

‖u‖BV := ‖u‖L1(Ω) + TV (u), where

TV (u) := sup
{∫

Ω

u(x) div φdx |

φ ∈ C1
c (Ω,R2), ‖φ‖∞ ≤ 1

}
.

The derivative Du of u in the sense of distributions

is a vector-valued Radon measure having total mass

|Du|(Ω) :=
∫
Ω
|Du|dx = TV (u), see [12, 13] for more

details. The main advantage of applying total variation

regularization is its ability to preserve sharp edges in

the image.

The proposed constrained energy minimization prob-

lem is of the following form

min
u,c

(
E(u, c, f) :=

K∑
i=1

∫
Ω

(c1,i − fi)2ui dx+

K∑
i=1

∫
Ω

(c2,i − fi)2(1− ui) dx+ λ

∫
Ω

|Dui|dx

)
subject to

K∑
i=1

ui ≤ 1, 0 ≤ ui, ∀i = 1, . . . ,K,

(6)

and is jointly minimized over (ui)
K
i=1 ∈ BV (Ω, [0, 1]K)

and c = (ci)
K
i=1 ∈ R2K , where ci = (c1,i, c2,i) ∈ R2.

The regularization parameter is given by λ ≥ 0 and

K denotes the number of channels. Further, fi for i =

1, . . . ,K denote either feature maps extracted from the

input image f via filtering, or several channels, which

are provided by the imaging modality. Further, it is

worth mentioning, that Problem 6 is bi-convex.

If
∫
Ω
ui(x) dx > 0, from the Karush-Kuhn-Tucker

conditions, one can derive that for any fixed

u ∈ BV (Ω, [0, 1]K), the following two expressions min-

imize (6):

c1,i(ui) =

∫
Ω
fiui dx∫
Ω
ui dx

, c2,i(ui) =

∫
Ω
fi(1− ui) dx∫
Ω

(1− ui) dx
,

(7)

Otherwise, if
∫
Ω
ui(x) = 0, i.e. (ui(x) = 0 a.e. x ∈ Ω)

and
∫
Ω
uj(x) > 0 for some j 6= i, we set c1,i(ui) = 0.

The same holds for 1− ui and the corresponding mean

value c2,i(ui). If fi = 0, and hence c1,i(ui) = c2,i(ui) =

0 for i = 1, . . . ,K, then u1 = 1 and uj = 0, j = 2, . . . ,K

is a minimizer of Problem (6).

In what follows, we denote c(u) = (c1(u), c2(u)) ∈
RK × RK . Then, for the sake of simplicity, instead of

Problem (6), we rather consider

min
u

(
E(u, f) := E(u, c(u), f)

)
subject to (8)

K∑
i=1

ui ≤ 1, 0 ≤ ui, ∀i = 1, . . . ,K.

Explicitly, we have

E(u, f) =

K∑
i=1

∫
Ω

(c1,i(ui)− fi)2ui dx

+

K∑
i=1

∫
Ω

(c2,i(ui)− fi)2(1− ui) dx+ λ

∫
Ω

|Dui|dx.

Equivalence of Problems (6) and (8) is established in

the following result.

Theorem 1 Let f = (fi)
K
i=1 ∈ L∞(Ω, [0, 1])K and as-

sume there exist minimizers in BV (Ω, [0, 1]K) satisfy-

ing the constraints in (6). Then (6) and (8) are equiv-

alent, i.e.

û ∈ arg min
u

E(u, f)⇔ (û, c
(
û)
)
∈ arg min

u,c
E(u, c, f).

Proof Let û ∈ arg minu E(u, f) and let us assume that(
û, c(û)

)
/∈ arg minu,cE(u, c, f). Then there exists

(ũ, c̃
)
6=
(
û, c(û)

)
satisfying

E
(
ũ, c̃, f

)
< E

(
û, c(û), f

)
. (9)

For ũ 6= û it holds by optimality of c(·) given by (7)

that

E
(
ũ, c(ũ), f

)
≤ E(ũ, c̃, f) < E

(
û, c(û), f

)
(10)

Since E(ũ, c(ũ), f) = E(ũ, f) and E(û, c(û), f) = E(û, f),

inequality (10) would imply that E(ũ, f) < E(û, f) which

contradicts û ∈ arg minu E(u, f).

For ũ = û and c̃ 6= c(û) again it holds by the defi-

nition of c(·) that

E
(
ũ, c̃, f

)
= E

(
û, c̃, f

)
≥ E

(
û, c(û), f

)
,

which contradicts (9). Conversely, let(
û, ĉ
)
∈ arg minu,cE(u, c, f) and let us assume that

û /∈ arg minu E(u, f). Then there exists ũ with ũ 6= û

such that

E(ũ, f) < E(û, f).

Consequently,

E(ũ, f) = E
(
ũ, c(ũ), f

)
< E

(
û, f

)
= E

(
û, c(û), f

)
≤ E

(
û, ĉ, f

)
,

which contradicts
(
û, ĉ
)
∈ arg minu,cE(u, c, f). ut
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For the sake of concision, we will denote

E(u, f) = F(u, f) + λR(u),

where

F(u, f) :=

K∑
i=1

∫
Ω

(
c1,i(ui)− fi

)2
ui dx

+

∫
Ω

(
c2,i(ui)− fi

)2(
1− ui

)
dx,

R(u) :=

K∑
i=1

∫
Ω

|Dui|dx.

This sets all the basic notation and in the following

section we study existence of minimizers, stability with

respect to distorted input and convergence behaviour if

the distortion tends to zero.

4 Mathematical Analysis

Under the assumption that f ∈ L∞(Ω, [0, 1]K), the en-

ergy (6) is well defined for the admissible set

D(E) :=

{
u ∈ BV (Ω, [0, 1]K) | 0 ≤ ui ,

K∑
i=1

ui ≤ 1

}
.

Before we start the analysis, we recall Rellich’s com-

pactness theorem for BV functions.

Theorem 2 Let Ω ⊂ Rn be a bounded domain with

Lipschitz-boundary, and let {un}n∈N be a sequence of

functions in BV (Ω) such that supn‖un‖BV <∞. Then

there exists u ∈ BV (Ω) and a subsequence {unk}k∈N
such that unk → u (strongly) in L1(Ω) as k →∞.

Proof See [3, Theorem 3.23, page 132].

In the following, we prove the existence and stability of

minimizers of (6), and examine their convergence be-

havior.

Theorem 3 (Existence) Let f ∈ L∞(Ω, [0, 1]K) be a

given image with K channels. Then, for λ ≥ 0, energy

E admits at least one global minimizer in D(E).

Proof It is clear that for all u ∈ D(E) it holds that

E(u, f) ≥ 0. Further if ui(x) = 1
K for all x ∈ Ω, we

have c1,i = c2,i = 1
|Ω|
∫
Ω
fi dx, and thus

E(u, f) =

K∑
i=1

∫
Ω

(
c1,i(ui)− fi

)2
dx

+

∫
Ω

(
c2,i(ui)− fi

)2
dx

= 2

K∑
i=1

∫
Ω

( 1

|Ω|

∫
Ω

fi dx− fi
)2

dx

≤ 2

K∑
i=1

∫
Ω

(
|Ω|‖fi‖∞
|Ω|

+ ‖fi‖∞
)2

dx

= 8|Ω|
K∑
i=1

‖fi‖2∞ < L(f) <∞,

(11)

where L(f) denotes a positive constant which only de-

pends on the image f . Therefore we have for a :=

infu E(u, f) that 0 ≤ a <∞. Now let {un}n∈N ⊂ D(E)

be a sequence such that E(un, f)→ a. Then there exists

a constant M > 0 such that

E(un, f) =

K∑
i=1

(∫
Ω

(c1,i(u
n
i )− fi)2uni dx

+

∫
Ω

(c2,i(u
n
i )− fi)2(1− uni ) dx

)
+ λ

∫
Ω

|Duni |dx ≤M

and therefore in particular

λ

∫
Ω

|Duni |dx ≤M. (12)

Since uni have values in [0, 1] for all i = 1, . . . ,K, we

have that
∫
Ω
uni dx ≤ |Ω|, which together with (12) im-

plies that {uni }n∈N is uniformly bounded in D(E). By

Theorem 2 there exists a subsequence uni that (strongly)

converges to a function ûi ∈ BV (Ω, [0, 1]) such that

uni → ûi strongly inL1(Ω).

Up to a subsequence, we may assume that uni converges

to ûi pointwise a.e., i.e.

uni (x)→ ûi(x) a.e..

Since for i = 1, . . . ,K the uni satisfy the constraints, ûi
satisfies these properties too, and thus we conclude that

û ∈ D(E). Further we obtain the following inequalities

0 ≤ c1,i(uni ) =

∫
Ω
fiu

n
i dx∫

Ω
uni dx

≤
∫
Ω

fi dx,

and

0 ≤ c2,i(uni ) =

∫
Ω
fi(1− uni ) dx∫
Ω

(1− uni ) dx
≤
∫
Ω

fi dx.

(13)
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This implies that the sequences {c1,i(uni )}n∈N and

{c2,i(uni )}n∈N are uniformly bounded, and hence there

exist subsequences also denoted by {c1,i(uni )}n∈N and

{c2,i(uni )}n∈N such that

c1,i(u
n
i )→ ĉ1,i and c2,i(u

n
i )→ ĉ2,i

uniformly. Since uni → ûi a.e. in Ω, Fatou’s Lemma

yields∫
Ω

(ĉ1,i − fi)2ûi dx+

∫
Ω

(ĉ2,i − fi)2(1− ûi) dx

≤ lim inf
n→∞

∫
Ω

(c1,i(u
n
i )− fi)2uni dx

+

∫
Ω

(c2,i(u
n
i )− fi)2(1− uni ) dx. (14)

By the lower semi-continuity of total variation [14, The-

orem 1.9, page 7] it holds that∫
Ω

|Dûi|dx ≤ lim inf
n→∞

∫
Ω

|Duni |dx. (15)

Combining (14) and (15) for all i, on a suitable subse-

quence, we have established that

E(û, f) ≤ lim inf
n→∞

E(un, f) = inf
n

E(un, f) = a.

Hence û ∈ D(E) is a minimizer of E. ut

Next we investigate the stability behavior of the solu-

tions so found. This ensures that, for a given regular-

ization parameter λ, the regularized solution û depends

continuously on f .

Theorem 4 (Stability) Let f ∈ L∞(Ω, [0, 1]K) de-

notes the given image with K channels and {fn}n∈N a

sequence such that ‖fn−f‖∞ → 0. Further let {un}n∈N
be a sequence of minimizers of E(u, fn). Then {un}n∈N
has a convergent subsequence and each limit of a con-

verging subsequence is a minimizer of E(u, f).

Proof Let un ∈ arg minu∈D(E) E(u, fn). We have

E(un, fn) ≤ E(u, fn).

Let ui(x) = 1
K for all x ∈ Ω. Then we obtain for all

n ∈ N:

E(un, fn) ≤ 2

K∑
i=1

∫
Ω

(
fni −

∫
Ω
fni dx

|Ω|

)2

dx

≤ 2

K∑
i=1

∫
Ω

(
fni − fi + fi −

∫
Ω
fni − fi + fi dx

|Ω|

)2

dx

≤ 2

K∑
i=1

∫
Ω

(
|fni − fi|+ |fi|+

∫
Ω
|fni − fi|+ |fi|dx

|Ω|

)2

dx.

Since ‖fn − f‖∞ → 0 for n large enough, we have

E(un, fn) ≤ 2

K∑
i=1

∫
Ω

(
1 + |fi|+

∫
Ω
|fi|dx
|Ω|

)2

dx <∞.

Thus, un is bounded in BV (Ω, [0, 1]K). This implies,

that there exists a subsequence also denoted by {un}n∈N
such that

un → û ∈ BV (Ω, [0, 1]K).

Similar to (13) we have for all n ∈ N and k ∈ {1, 2}

|ck,i(uni )| ≤
∫
Ω

|fni |dx ≤
∫
Ω

|fni − fi|+ |fi|.

For n large enough we then have

|ck,i(uni )| ≤
∫
Ω

(
1

2
+ |fi|

)
dx <∞.

This shows that the ck,i(u
n
i ) sequences are bounded and

have convergent subsequences

c1,i(u
n
i )→ ĉ1,i ∈ R, c2,i(u

n
i )→ ĉ2,i ∈ R.

It remains us to show that û is a minimizer of E(u, f).

By lower semi-continuity of TV we have

λR(û) ≤ lim inf
n→∞

λR(un). (16)

Since uni → ûi, a.e., ci,k(uni ) → ĉi,k and fni → f , by

using the optimal representations for c1,i and c2,i and

Fatou’s lemma we obtain

F(û, f) ≤
K∑
i=1

∫
Ω

(
ĉ1i − fi

)2
ûi dx

+

∫
Ω

(
ĉ2,i − fi

)2
(1− ûi

)
dx

≤ lim inf
n→∞

( K∑
i=1

∫
Ω

(
c1,i(u

n
i )− fni

)2
uni dx

+

∫
Ω

(
c2,i(u

n
i )− fni

)2
(1− uni ) dx

)
.

Using this last inequality and (16), we conclude that

for û ∈ D(E) the following holds for all u

E(û, f) = F(û, f) + λR(û)

≤ lim inf
n→∞

F(un, fn) + λR(un)

≤ lim sup
n→∞

F(un, fn) + λR(un)

≤ lim
n→∞

F(u, fn) + λR(u)

= F(u, f) + λR(u)

= E(u, f),

and thus, û ∈ D(E) is a minimizer of the energy

E(u, f). ut
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In the following, we will examine the fidelity term in

more detail to determine which requirements the image

f must meet so that F has an exact solution, i.e. that

there is some u ∈ D(E) such that F(u, f) = 0. This is

of particular interest for the convergence analysis.

Theorem 5 Let f ∈ L∞(Ω) be an image with only one

channel. Then the fidelity term F(u, f) vanishes if and

only if f is either constant or takes only two values. If

f is not constant, solutions u∗ satisfying F(u∗, f) = 0

are binary. If f is constant, every constant function

u ∈ D(E) is an exact solution.

Proof If f is constant, then for an arbitrary u we have

c1(u) = c2(u) = f and F(u, f) = 0. If f is not constant,

for the data fidelity term F to vanish it must hold that∫
Ω

(c1(u)− f)
2
udx = 0

and∫
Ω

(c2(u)− f)
2 (

1− u
)

dx = 0.

Let us define the sets Ω+ := {x | u(x) ∈ (0, 1]} and

Ω− := {x | u(x) ∈ [0, 1)}. We have that Ω+ ∪Ω− = Ω,

and if u is not binary we have Ω+∩Ω− 6= ∅. For F to be

zero, it must hold that f = c1(u) on Ω+ and f = c2(u)

on Ω−. Since the intersection of these sets is nonempty

and the union is Ω we have that c1(u) = c2(u) = f and

f has to be constant. From that we conclude that u

has to be binary and it is easy to see that a function u

that is binary on the two constant regions of f satisfies

F(u, f) = 0. ut

Note that there is no unique solution for which the fi-

delity term vanishes, since for an exact solution u∗ the

function 1 − u∗ also represents an exact solution. In

what follows we consider images consisting of K chan-

nels f ∈ L∞(Ω, [0, 1]K), where each channel consists of

a piecewise constant function taking only two values a0
i

and a1
i for all i = 1, . . . ,K. We denote the sets A0

i :=

{x ∈ Ω | fi(x) = a0
i } and A1

i := {x ∈ Ω | fi(x) = a1
i }.

Corollary 1 (Exact solution for K ≥ 2) Let f∗ ∈
L∞(Ω, [0, 1]K) be such that f∗i is given as in Theorem 5

for i = 1, . . . ,K. Moreover, assume that at least one f∗

is not constant a.e.. Then there exists a unique solution

u∗ ∈ D(E) fulfilling F(u∗, f∗) = 0 if there exists i 6= j

and (α, β) ∈ {0, 1}2 such that Aαi ∩A
β
j = ∅.

Proof Since F(u, f∗) = F(u1, f
∗
1 ) + F(u2, f

∗
2 ) + · · · +

F(uK , f
∗
K) is simply the sum of K positive terms cor-

responding to single channel images, each of them has

to vanish. We deduce from Theorem 5, that for this

to be true each channel of ui has to be binary on the

constant regions of fi. Therefore, if there exists j ∈
{1, . . . ,K} \ {i} such that A0

j or A1
j does not overlap

with A0
i or A1

i , we can take the solutions with value 1

for ui and uj on these sets. Otherwise, if no such vector

exists, there is a region where any solutions ui and uj
are equal 1, and their sum in this region contradicts the

conditions of the admissible set. ut
In the following we investigate the convergence be-

haviour. Assuming that an exact solution of the fidelity

term exists, i.e. that f∗ satisfies the conditions of Corol-

lary 1, we investigate the sensitivity of the solutions

with respect to the images f . More precisely, conver-

gence ensures that when λ → 0 and fn → f∗, the

solution un associated with fn converges to a solution

u of F(u, f∗) = 0.

In the analysis so far, it has always been clear which

image the mean values c1,i and c2,i refer to. This does

not apply in the proof of Theorem 6 below, so we mod-

ify the notation for specifying the associated image on

which the mean values are defined:

c1,i(ui, fi) :=
∫
Ω
fiui dx∫
Ω
ui dx

and c2,i(ui, fi) :=
∫
Ω
fi(1−ui) dx∫
Ω

(1−ui) dx
.

Theorem 6 (Convergence) Let f∗ be as given in

Corollary 1, which implies the existence of a u∗ ∈ D(E)

such that F (u∗, f∗) = 0. Assume that the f∗i are con-

stant on two sets with non-zero measure. Further let

(fn)n∈N be noisy versions of f∗ satisfying ‖f∗−fn‖∞ ≤
δn for a sequence (δn)n∈N converging to zero. Choosing

the regularization parameter λ : (0,∞) → (0,∞) such

that λn := λ(δn) → 0 for the sequence of minimizers

defined by

un := arg min
u
{λnR(u) + F(u, fn)}

it holds that un → u∗.

Proof By the definition of un it follows that

F(un, fn) + λnR(un) =

K∑
i=1

∫
Ω

(c1,i(u
n
i , f

n
i )− fni )

2
uni

+

∫
Ω

(c2,i(u
n
i , f

n
i )− fni )

2
(1− uni ) + λnR(uni )

≤
K∑
i=1

∫
Ω

|c1,i(u∗i , fni )− fni |u∗i

+

∫
Ω

|c2,i(u∗i , fni )− fni | (1− u∗i ) + λnR(u∗i )

≤
K∑
i=1

∫
Ω

(|c1,i(u∗i , fni )− f∗i |+ |f∗i − fni |)u∗i

+

∫
Ω

(|c2,i(u∗i , fni )− f∗i |+ |f∗1 − fni |) (1− u∗i )

+ λnR(u∗i ).

(17)
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We estimate:

|c1,i(u∗i , fni )− f∗i |+ |f∗i − fni |

=

∣∣∣∣
∫
Ω
u∗i (f

n
i − f∗i + f∗i )∫
Ω
u∗i

− f∗i
∣∣∣∣+ |f∗i − fni |

≤ |c1,i(u∗i , f∗i )− f∗i |+
∣∣∣∣
∫
Ω
u∗i |fni − f∗i |∫

Ω
u∗i

∣∣∣∣+ |f∗i − fni | ,

and similarly we get

|c2,i(u∗i , fni )− f∗i |+ |f∗i − fni |

≤ |c2,i(u∗i , f∗i )− f∗i |+
∣∣∣∣
∫
Ω

(1− u∗i ) |fni − f∗i |∫
Ω

(1− u∗i )

∣∣∣∣
+ |f∗i − fni | .

Inserting this into (17), using the fact that u∗ is the

exact solution of F(u, f∗) = 0 and ‖f∗ − fn‖∞ ≤ δn,

we obtain

F(un, fn) + λnR(un) ≤
K∑
i=1

∫
Ω

2δnu∗i (18)

+

∫
Ω

2δn (1− u∗i ) + λnR(u∗i ) −→ 0.

Further we know that

F(un, f∗) + λnR(un)

=

K∑
i=1

∫
Ω

(c1,i(u
n
i , f
∗
i )− f∗i )

2
uni

+

∫
Ω

(c2,i(u
n
i , f
∗
i )− f∗i )

2
(1− uni ) + λnR(uni )

≤
K∑
i=1

∫
Ω

|c1,i(uni , fni )− f∗i |uni

+

∫
Ω

|c2,i(uni , fni )− f∗i | (1− uni ) + λnR(uni ).

Using the triangle inequality we conclude that

F(un, f∗) ≤
K∑
i=1

∫
Ω

(|c1,i(uni , fni )− fni |+ |fni − fni |)uni

+

∫
Ω

(|c2,i(uni , fni )− fni |+ |fni − f∗i |) (1− uni )

≤
K∑
i=1

∫
Ω

(|c1,i(uni , fni )− fni |+ δn)uni

+

∫
Ω

(|c2,i(uni , fni )− fni |+ δn) (1− uni )

= F(un, fn) + δnK|Ω|.

Combined with inequality (18) we obtain that F(un, f∗)→
0. Since the bound on E(un, f∗) in (11) is independent

of un, the sequence un is bounded in BV (Ω), and there-

fore up to extraction it converges.

Since f∗ is constant on a set with non-zero mea-

sure, we know that for n large enough, fn is non-zero

on a set with non-zero measure as well. This implies

that the minimizers un are not binary on the whole

domain Ω. Additionally, as F is continuous with re-

spect to u, except for u = 1 and u = 0, we get that

limn→∞ F(un, f∗) = F(u∗, f∗) = 0, which concludes

the proof. ut

5 Numerical Implementation

In this section we present details of the numerical imple-

mentation of the proposed method. First we introduce

the discrete setting which will be used throughout the

rest of this section. Next, the employed optimization

procedure is described.

5.1 Discrete Setting

Let us fix our main notation which are similar to those

used in [7,8]. To simplify, our images will be two-dimensional

matrices of size M ×N . We therefore consider the set

of indices of the image domain

{(jh, kh) : 1 ≤ j ≤M, 1 ≤ k ≤ N},

where h denotes the grid step size and (j, k) are the

indices of the nodes (jh, kh) in the image domain. Let

X = RM×N be a finite dimensional vector space equipped

with the scalar product

〈u, v〉X =
∑
j,k

uj,kvj,k, u, v ∈ X.

The vector field ∇u has values in Y = X × X. For

discretization of ∇ : X → Y , we use standard finite

differences with Neumann boundary conditions

(∇u)j,k =

(
(∇u)1

j,k

(∇u)2
j,k

)
,

where

(∇u)1
j,k =

{
uj+1,k−uj,k

h if j < M,

0 if j = M,

(∇u)2
j,k =

{
uj,k+1−uj,k

h if k < N,

0 if k = N.

We also define in Y the scalar product

〈p, q〉Y =
∑
j,k

p1
j,kq

1
j,k + p2

j,kq
2
j,k,

where p =
(
p1, p2

)
, q =

(
q1, q2

)
∈ Y.
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Furthermore we also need the discrete divergence op-

erator div p : Y → X, which is chosen to be adjoint

to the discrete gradient operator. In particular, one has

−div = ∇∗ which is defined through the identity

〈∇u, p〉Y = −〈u,div p〉X .

The discrete version of the isotropic total variation norm

is defined as

‖∇u‖1 =
∑
j,k

|(∇u)j,k|

where |(∇u)j,k| =
√((
∇u
)1
j,k

)2
+
((
∇u
)2
j,k

)2
,

and the discrete maximum norm for some element p ∈
Y is given as

‖p‖∞ = max
j,k

√
(p1
j,k)2 + (p2

j,k)2.

Using the discrete setting given above, the discrete form

of the proposed model is then given by

min
(ui)Ki=1

K∑
i=1

[
λ‖∇ui‖1 + ‖F1(ui)‖1 + ‖F2(ui)‖1

]
subject to

1)

K∑
i=1

(ui)j,k ≤ 1, 2) 0 ≤ (ui)j,k, i = 1, . . . ,K

j = 1, . . . ,M, k = 1, . . . , N,

(19)

where (fi)
K
i=1 is the given image with K channels and

(ui)
K
i=1 ∈ XK the sought solution, representing the as-

signment of each pixel to the labels. More precisely, the

fidelity terms F1, F2 : X → X in (19) are given by

(
F1(ui)

)
j,k

=
(
c1(ui)− (fi)j,k

)2 · (ui)j,k(
F2(ui)

)
j,k

=
(
c2(ui)− (fi)j,k

)2 · (1− (ui)j,k
)
,

for i = 1, . . . ,K and

c1(ui) =
〈ui, fi〉X
‖ui‖1

and c2(ui) =
〈1− ui, fi〉X
‖1− ui‖1

, (20)

where 1 denotes the all-ones matrix of size M ×N . It

is well known that variational methods incorporating

total variation regularization present difficulties due to

the lack of smoothness. We therefore apply a flexible

algorithm proposed in [8], that is particularly suitable

for non-smooth optimization problems like (19).

5.2 Primal Dual Optimization Scheme

Minimization problems of the type (19) constitute a

large scale optimization problem which are tradition-

ally addressed using gradient based methods such as

gradient descent. The latter requires smoothness of the

functional for guaranteeing convergence, that we do not

have. Therefore, we opt for the optimization scheme

proposed in [8]. For this purpose, we reformulate the

functional of (19) in a form that is more suitable for

the minimization method we apply in this work:

min
(ui)Ki=1

K∑
i=1

F
(
K(ui)

)
+ G(u). (21)

One method to minimize non-smooth objective func-

tionals consists in using the proximal point algorithm.

For a convex objective functional E : X → R, the prox-

imal step replaces the traditional gradient step, as fol-

lows

uk+1 = proxτE(uk)

where τ ∈ R+ is a step size and the proximal operator

is defined by

proxτE(u) = arg min
u′∈X

(
E(u′) +

1

2τ
‖u′ − u‖2X

)
. (22)

This algorithm is rarely applied for solving (19), since in

general (22) does not have a closed form solution. Prox-

imal primal-dual schemes are rather used. In these al-

gorithms, an auxiliary dual variable chosen in the range

of the operator is introduced, and the primal (u ∈ X)

and dual variables are alternately updated. One pos-

sible primal-dual scheme is the so-called primal dual

hybrid gradient (PDHG) algorithm [8], also known as

the Chambolle-Pock algorithm, with a recent extension

to nonlinear operators in [31], where the authors study

the solution of saddle-point problems of the form

min
u∈X

max
p∈Z
〈K(u), p〉+ G(u)−F∗(p),

in finite-dimensional Hilbert spaces X and Z. The func-

tions G : X → [0,+∞] and F∗ : Z → [0,+∞] are

assumed to be proper, convex, lower semi-continuous

(l.s.c), F∗ being itself the convex conjugate of a con-

vex l.s.c. function F . The saddle-point problem is a

primal-dual formulation of the nonlinear primal prob-

lem formulated in (21). For more details we refer to the

literature [8] and [29].

The PDHG method can be applied to solve prob-

lem (19), but since the proximals of ‖∇ui‖1, ‖F1(ui)‖1
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and ‖F2(ui)‖1 are difficult to compute, we use the fol-

lowing identification in order to recast (19) into (21):

K(ui) := [∇ui, F1(ui), F2(ui)],

F(p
(1)
i , p

(2)
i , p

(3)
i ) := λ‖p(1)

i ‖1 + ‖p(2)
i ‖1 + ‖p(3)

i ‖1,
G(u) := iU (u),

(23)

where K : X → Z with Z = Y ×X ×X and F : Z →
[0,+∞], and where iC denotes the indicator function of

a convex set C, namely

iC(u) =

{
0, ifu ∈ C,
+∞, ifu /∈ C.

In (23), K is nonlinear because of F1(ui) and F2(ui).

Since U is a convex set, the functionals F and G are

convex.

We summarize in Algorithm 1 the PDHG algorithm

adapted for minimization problems of the form (21),

with possible nonlinear operator K. In order to guar-

antee convergence, the step size is bounded by ‖K‖,
where

‖K‖ = max{‖Ku‖2 | u ∈ X, ‖u‖2 ≤ 1}.

In Algorithm 1 the term [∂K(un)]∗ : Z → X denotes

the adjoint of the derivative of K at point un. In the

Algorithm 1: Nonlinear primal dual gradient

Given: σ, τ > 0, such thatστ‖K‖2 < 1, θ ∈ [0, 1] and
u0, ū0 ∈ X, p0 ∈ Z;

for n = 0, . . . do
hn+1 ← proxσF∗

(
pn + σK(ūn)

)
;

un+1 ← proxτG(un − τ [∂K(un)]∗(hn+1)
)
;

ūn+1 ← un+1 + θ(un+1 − un)
end

next section we illustrate the applicability of the primal

dual algorithm to Problem (8).

5.3 Application of the Chambolle-Pock algorithm to

the proposed model

The two constraints of the minimization problem (19)

force the solution to stay in the unit simplex U , defined

as follows

U =
{
u ∈ XK | (ui)j,k ≥ 0, ∀1 ≤ i ≤ K,

K∑
i=1

(ui)j,k ≤ 1, ∀1 ≤ j ≤M, 1 ≤ k ≤ N

}
.

Dealing with (23), the computations of proximal op-

erators, Fenchel conjugate and differential, required in

Algorithm 1, are given below.

Let us start with the computation of the proximal

operators proxσF∗ and proxτG . The Fenchel conjugate

of ‖·‖1 is the indicator function of the unit ball of the

dual norm: For p ∈ X, we have ‖p‖∗1 = iP (p), where

P = {p ∈ X | ‖p‖∞ ≤ 1}. For p ∈ Y , it holds that

(λ‖p‖1)∗ = iP̃ (p), where P̃ = {p ∈ Y | ‖p‖∞ ≤ λ}.
In both cases, the proximal operators with respect to

this function can be easily evaluated. More precisely, it

holds that

proxiP
(
[p

(1)
i , p

(2)
i , p

(3)
i ]
)

= (24)(
proxiP̃ (p

(1)
i ),proxiP (p

(2)
i ),proxiP (p

(3)
i )
)
,

since in our case we have p(1) ∈ Y and p(2), p(3) ∈ X.

As the proximal operator of a convex set reduces to

pointwise Euclidean projectors onto L2 balls, we obtain(
proxiP (p

(l)
i )
)
j,k

=
(p

(l)
i )j,k

max{1, |(p(l)
i )j,k|}

,

for l ∈ {2, 3}. In (24), the corresponding proximal op-

erator of the projection onto P̃ looks as follows

(
proxiP̃ (p

(1)
i )
)
j,k

=

 (p
(1)
i1 )j,k

max{λ,|(p(1)i1 )j,k|}
(p

(1)
i2 )j,k

max{λ,|(p(1)i2 )j,k|}

 .
The proximal operator with respect to G is the orthogo-

nal projector onto the unit simplex U . It is known that

this projection can be computed with a finite number of

steps. We therefore apply the algorithm proposed in [22]

and denote the resulting projection by proxiU . Since the

discrete total variation operator is linear, the adjoint of

the derivative is, as already stated in Section 5.1, its

adjoint, i.e.

〈∇ui, pi〉 = −〈ui,div pi〉.

Due to its non-differentiability, we replace the `1-norm

present in c1(ui) and c2(ui) in (20), by a differentiable

approximation. In particular, we consider the approxi-

mation defined by Lee et al. in [20], that replaces the

`1-norm by the function

‖ui‖ε =
∑
j,k

√(
(ui)j,k

)2
+ ε.

This function is twice Fréchet-differentiable, and

limε→0+‖ui‖ε = ‖ui‖1.

Remark 1 Note that, even if ‖ · ‖ε is smooth, the con-

vergence quality of a standard gradient descent method

in this context would depend on to the condition num-

ber of the underlying Hessian matrix, which is inversely

proportional to ε, and therefore such a direct approach

would not be relevant.
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We linearize the nonlinear terms F1 and F2 in (20) by

computing their derivatives ∂
∂ui

F1(ui) and ∂
∂ui

F2(ui),

and next the corresponding adjoints. For the sake of

simplicity, we describe ui ∈ X and fi ∈ X as vectors,

i.e.

ũi :=

 (ui)1

...

(ui)Ñ

 , f̃i :=

 (fi)1

...

(fi)Ñ

 ,
where ũi, f̃i ∈ RÑ , with Ñ = MN . We further denote

by ek ∈ RÑ the k-th vector of the canonical basis, and

by IÑ ∈ RÑ×Ñ the identity matrix.

The derivatives of the fidelity terms F1(ui) and F2(ui)

can be determined in a rather simple way and formu-

lated in closed form as follows

∂

∂ui
F1(ui) = T 2

i − 2TiQiUi, (25)

where Ti and Ui are diagonal matrices of dimension

Ñ × Ñ and are given by

Ti :=

Ñ∑
k=1

f̃ie
T
k −
〈ui, fi〉
‖ui‖ε

IÑ, Ui :=

Ñ∑
k=1

ũie
T
k .

The matrix Qi is dense and given by

Qi :=


(f̃i)1‖ui‖ε−

(ũi)1√
(ũi)

2
j
+ε
〈ui,fi〉

‖ui‖2ε
...

(f̃i)Ñ‖ui‖ε−
(ũi)1√
(ũi)

2
Ñ

+ε
〈ui,fi〉

‖ui‖2ε

⊗ 1TÑ ,

where ⊗ is the Kronecker product, and 1Ñ denotes the

all-ones column of length Ñ . Since diagonal matrices

are self-adjoint and the adjoint of a real-valued matrix

is simply its transpose, the adjoint of (25) is given by[
∂

∂ui
F1

(
(ui)

)]∗
= T 2

i − 2UiQ
T
i Ti.

The adjoint of the derivative of F2(ui) is expressed in

the same manner as in (25). We have

∂

∂ui
F2(ui) = S2

i − 2SiRiVi,

and[
∂

∂ui
F2

(
(ui)

)]∗
= S2

i − 2ViR
T
i Si,

where we introduced the following diagonal matrices

Si :=

Ñ∑
k=1

f̃ie
T
k −
〈1− ui, fi〉
‖1− ui‖ε

IÑ, Vi := IÑ−
Ñ∑
k=1

ũie
T
k

and the following dense matrix

Ri :=


(f̃i)1‖1−ui‖ε+

1−(ũi)1√
(1−(ũ)i)

2
1+ε
〈1−ui,fi〉

‖1−ui‖2ε
...

(f̃i)Ñ‖1−ui‖ε+
1−(ũi)Ñ√

(1−(ũi)Ñ
)2+ε

〈1−ui,fi〉

‖1−ui‖2ε

⊗ 1TÑ .

In order to obtain an upper bound for the step size τ

and θ, we have to compute ‖K‖, which is straightfor-

ward (see [7] for the computation of ‖ div p‖) and gives

‖K‖ ≤
√

10. We initialize ui by f̂i, the normalized ver-

sion of fi, such that the constraints given in (19) are

satisfied. Thus, all the quantities used in Algorithm 2

have been defined.

Algorithm 2: Nonlinear primal dual gradient

to solve Problem (19)

Given: σ, τ > 0, such that στ‖K‖2 < 1, θ ∈ [0, 1]
and f ∈ XK ;

Initialization: p
(1)
i ∈ Y, p(2)i , p

(3)
i ∈ X, fi, u0

i ← f̂i;
for n = 0, . . . do

for i = 1, . . . , K do

p
(1)n+1
i1 ←
λ
(
p
(1)n
i1 + σ∇uni

)
/max{λ1, |p(1)ni + σ∇uni |2};

p
(1)n+1
i2 ←
λ
(
p
(1)n
i2 + σ∇uni

)
/max{λ1, |p(1)ni + σ∇uni |2};

p
(2)n+1
i ←(
p
(2)n
i + σ∇uni

)
/max{1, |p(2)ni + σF1(uni )|2};

p
(3)n+1
i ←(
p
(3)n
i + σ∇uni

)
/max{1, |p(3)ni + σF2(uni )|2};

end

fn+1 ← proxiU

(
fn + τ div p(1)n+1 −

τ

[
∂F1

(
un
)]∗

p(2)n+1 − τ
[
∂F2(un

)]∗
p(3)n+1

)
;

un+1 ← fn+1 + θ(fn+1 − fn);

end
.

6 Experimental Results

In this section we present several experiments demon-

strating the possible applicability of the proposed seg-

mentation framework to artificial and medical images.

We compare our results with those obtained by channel-

wise application of the level-set method proposed by

Chan and Vese in [10], its convex relaxation [9] and

with the multichannel multiphase method [32], each of

them introduced in Section 2.1.

We start with two examples illustrating the state-

ment of Corollary 1. Figure 1 serves as an example for

an image consisting of two channels, with non-overlapping

regions and corresponding minimizers. Figure 2 depicts
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the evolution of the energy functional during the op-

timization process, which shows that in this example

no regularization is required and the solution u∗ to

F(u, f) = 0 exists and is unique.

f∗1 f∗2

u∗1 u∗2

Fig. 1: Representation of the unique, exact solution of F(u, f∗) = 0,
where f∗ consists of two channels denoted by f∗1 and f∗2 . In this

example, the white circle can be understood as A0
1, while A0

2 is the
white square and thus the proper subset relation is fulfilled.

Fig. 2: Evolution of energy, TV and fidelity corresponding to the
segmentation problem depicted in Figure 1. The solid line shows the
evolution of the non-regularized problem (λ = 0), while the dashed
line presents the results acquired by setting λ = 0.1.

Figure 4 shows the evolution of data fidelity and

total variation corresponding to the minimization of

F(u, f) with f as depicted in Figure 3. The solid and

dashed lines correspond to two different initializations

of the algorithm. In the first case, u0 (see Algorithm 2)

is chosen to be constant with a value of 0.3 and in

the second case u0 is f . This example confirms what

is shown in the proof of Corollary 1, namely that for

K ≥ 2, where the images consist of regions that overlap

channelwise, there is no u ∈ D(E) fulfilling F(u, f) = 0.

The corresponding curves depicting evolution of fidelity

and TV for different initializations, are presented in

f1 f2 f3

u1
1 u1

2 u1
3

u2
1 u2

2 u2
3

Fig. 3: Visualization of the minimizers of fidelity F found in the
overlapping three-channel case. No exact and unique solution can be
found. The two solutions, u1 and u2, result from different initializa-
tions.

Fig. 4: Evolution of fidelity and TV for two different initializitations
corresponding to the results shown in Figure 3. More precisely, the
dashed line corresponds to the minimizers u in the second row and
the solid line to those in the bottom row.

Figure 4. In both cases, there is no regularization (i.e.

λ = 0) and a local minimum of the data term F is

obtained.

6.1 Extraction of Feature Maps

The first step of our segmentation framework is the ex-

traction of feature maps. For this purpose, we choose

suitable filtering methods to separate certain objects

of an image from the background. This is achieved by

using color filters, Gabor filters [17] and simple win-

dowing techniques, depending on the properties of the

image f . As our forthcoming experiments will show,

this pre-filtering is often not required for medical im-

ages, as the different channels originate from different

medical imaging techniques.
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6.1.1 Texture Segmentation

Texture is an important property of surfaces which char-

acterizes their nature. Texture segmentation is the pro-

cess of partitioning an image into regions based on their

texture. In [15] the authors demonstrate a multichan-

nel approach to the texture segmentation problem. In-

spired by the human visual system (HVS), they propose

a multi-channel filtering approach to tune multiple fil-

ters with different spatial frequencies and orientations

to capture important texture information through sepa-

rate channels. To this end, the authors use Gabor filters,

a special class of bandpass filters that can be viewed as

a sinusoidal signal with a specific frequency and orien-

tation modulated by a Gaussian wave. They are par-

ticularly useful for texture segmentation problems, as

they have optimal localization properties in both the

spatial and frequency domains. By carefully designing

a Gabor filter bank covering the spatial-frequency do-

main, they decompose an image into multi-resolutions

that correspond to different texture characteristics. The

final step of their unsupervised texture segmentation

approach is the clustering of pixels into a number of

clusters representing the original texture regions. For

that purpose the authors employ basic K-means clus-

tering algorithm. Inspired by their work, we also apply

Gabor filters in order to extract feature maps f1, . . . , fK
of textured parts of f , which serve as input of the pro-

posed multi-channel energy functional.

in Figure 5 a first example of the extraction of a

feature map is demonstrated by applying Gabor filters

to an image containing texture. The resulting feature

map is then further processed by solving the minimiza-

tion problem (19), and compared with the segmenta-

tion of the input image without previous feature ex-

traction. This example illustrates the importance of the

pre-filtering process.

Figure 6 shows an artificial texture image consist-

ing of three different Brodatz textures and the corre-

sponding ground truth segmentation, as well as the fea-

ture maps extracted via Gabor filtering, representing

the three channels f1, f2 and f3 in the minimization

problem formulated in (19). In Figure 7 the minimizers

of the energy functional for different regularization pa-

rameters λ are presented. It is worth mentioning that

here, we heuristically test which λ is most suitable for

the present problem. A detailed analysis of the choice

of λ would be of interest, but such an analysis is beyond

the scope of this article, yet could be part of a future

planned work. This example highlights the role of the

regularization parameter and the results give rise to the

assumption that moderate values of λ lead to more ac-

curate results. In Figure 8 we show the evolution of

input image filtered image

Fig. 5: The first row of this figure shows the input image contain-
ing texture and corresponding extracted feature map representing a
linear combination of Gabor filtered images. In the bottom row a
comparison of segmentation of raw input and filtered image, is de-
picted. This example highlights the utility of the pre-filtering process
in texture-based segmentation.

input image ground truth

f1 f2 f3

Fig. 6: The first row shows the three-texture Brodatz input image and
the sought-after solution. In the second row the via Gabor filtering
obtained extracted feature maps are depicted. Overlapping regions
are clearly visible.

energy, TV and the absolute error compared with the

ground truth depicted in Figure 6, depending on differ-

ent values of the regularization parameter λ. The curves

confirm what the segmentation results in Figure 7 sug-

gest, namely that a moderate value of the regularization

parameter (λ = 0.5) lead to lower values of energy and

absolute error. In this concrete example, the choice of

a rather large regularization parameter seems to be ap-

propriate, which can be justified by the “holes” in the

extracted feature maps (see Figure 6).

The proposed method can also be applied to RGB

images as demonstrated in Figure 9, where the input

image is an RGB image of size 250× 250. By prefilter-

ing via Gabor filters and the use of a color filter, the

two feature maps f1 and f2 depicted in Figure 9 are ob-
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λ = 0.1 λ = 0.2 λ = 0.5

Fig. 7: Results for different values of the regularization parameter
λ corresponding to the segmentation problem depicted in Figure 6.
Holes in the segmentation mask disappear by enlarging the regular-
ization parameter.

Fig. 8: Evolution of TV, energy and absolute error over 200 iterations
when computing the segmentation depicted in Figure 7 for λ = 0.1
(dotted), λ = 0.2 (solid) and λ = 0.5 (dashed).

tained. It is clearly visible that the two images, which

serve as input channels, contain undesired overlapping

regions. In the bottom row of Figure 9, the minimizers

of the proposed energy are presented. The set of unla-

beled pixels which result from the formulation of the

first constraint in (19) is summarized as background

class. In Figure 10 the development of energy, TV and

fidelity term as well as the absolute error are depicted.

The curves correspond to two different values of the

regularization parameter λ, and as confirmed by the

results in Figure 9, a smaller value of λ (0.1) leads to

a better result as more details in the contours of the

objects are preserved.

We further demonstrate the applicability of our method

to more complex problems, such as the one shown in

Figure 11. In this example, the number of input im-

ages K = 5 and the feature maps are again obtained

by application of Gabor filters and simple threshold-

ing. The pre-filtered images slightly highlight the five

different texture regions, but again there are many over-

laps and “holes”. The minimizer of energy (6) is de-

picted in Figure 12, where furthermore the results are

compared to those obtained by minimizing the active

contour model [10] and the convex relaxation of the

active contour model [9] for each channel separately.

This example shows the importance of the constraint

preventing the results from overlapping. Operating on

input image f1 f2

butterfly flower rest

u1
1 u1

2 1− (u1
1 + u1

2)

u2
1 u2

2 1− (u2
1 + u2

2)

Fig. 9: The first row shows the input image and extracted feature
maps via Gabor filtering and color filtering, respectively. Overlap-
ping regions are clearly visible. In the second row the ground truth
binary masks are depicted. The last two rows show the minimizers of
problem (19), u1 and u2, and the remaining rest class with regular-
ization parameter λ = 0.1 and λ = 0.5.

Fig. 10: Evolution of fidelity, TV, energy and absolute error over 200
iterations when computing the segmentation depicted in Figure 9 for
λ = 0.1 (dashed) and λ = 0.5 (solid). In this example a smaller value
of λ leads to slightly better results, which is also confirmed by the
results depicted in Figure 9.

each channel individually leads to unsatisfactory results

as can be observed from third and bottom row in Fig-

ure 12.

The example in Figure 13 demonstrates that our

method can also compete with the multichannel multi-

phase (MMCV) approach proposed by Chan and Vese

in [32]. We applied the algorithm implemented in MAT-

LAB by Yue Wu [33]. In this example, the input f is
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input image f1 f2

f3 f4 f5

Fig. 11: Input texture image and the five extracted feature maps via
gabor filtering and thresholding. The clearly visible overlapping re-
gions were successfully removed from the proposed energy functional
(see Figure 12).

f1 f2 f3 f4 f5

u1
1 u1

2 u1
3 u1

4 u1
5

u2
1 u2

2 u2
3 u2

4 u2
5

u3
1 u3

2 u3
3 u3

4 u3
5

Fig. 12: The top row shows the minimizers u of the proposed en-
ergy functional, in the middle row the results achieved by the active
contour model [10] method are depicted and the bottom row shows
the results acquired by minimizing the convex relaxation of the Chan
Vese model [9] for each channel separately. The experiment was car-
ried out using a regularization parameter λ of 0.1.

an RGB image, so we have three channels serving as

input images of the proposed method. Both methods

achieve acceptable results, although those of the pro-

posed method look slightly smoother.

6.2 Application to Medical Images

Our proposed method is applied to medical images where

the different channels naturally result from different

imaging techniques. Our multichannel multiphase func-

tional uses the information contained in the different

categories of MRI and CT images or images result-

ing from different modalities, and can therefore divide

the input image naturally into K non-overlapping sub-

regions.

RGB input ground truth

ours, λ = 0.05 MMCV, λ = 0.05

ours, λ = 0.1 MMCV, λ = 0.1

Fig. 13: Comparison of the segmentation of an RGB image obtained
by the present method (left column) with the one obtained by the
multichannel multiphase approach proposed by Chan and Vese in [32]
corresponding to two different values of the regularization parameter
λ.

As a first example, we illustrate the application of

presented method in the neuroradiological field by di-

viding MRI images showing an abscess into the regions

“healthy”, “abscess” and “edema”. In Figure 14, the

top row depicts the MRI images, more specifically, DWI

( diffusion weighted imaging), ADC (apparaent diffu-

sion coefficient) and T2 sequence. As preprocessing, the

ADC maps and T2 images were windowed and stan-

dardized to have intensity values between [0, 1]. This

naturally highlights the regions to be distinguished. Thus,

f1, f2 and f3 are directly given. The remaining rows

of Figure 14 show the minimizers uj1, u
j
2 and uj3, j ∈

{1, . . . , 4}, corresponding to the four different regular-

ization parameters which were applied. Smaller values

of λ result in quite inaccurate results contianing many

false positives. The results in the last row, which were

obtained by setting the regularization parameter to λ =

0.2, show an improvement compared to the ones in the

previous rows.

We conduct a second experiment on the BRATS

(Brain Tumor Segmentation) Challenge 20151 dataset

(Figure 15). Each channel contains different informa-

tion and is necessary for accurate diagnosis and quan-

tification of tumor growth. More precisely, in Figure 15,

1 https://www.smir.ch/BRATS/Start2015
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f1 f2 f3

u1
1, λ = 0.1 u1

2, λ = 0.1 u1
3, λ = 0.1

u2
1, λ = 0.125 u2

2, λ = 0.125 u2
3, λ = 0.125

u3
1, λ = 0.15 u3

2, λ = 0.15 u3
3, λ = 0.15

u4
1, λ = 0.2 u4

2, λ = 0.2 u4
3, λ = 0.2

Fig. 14: In the first row the input images consisting of DWI, ADC
and T2 images are visualized. The different rows show the results for
different choices of the regularization parameter λ. From left to right
we see the obtained (nearly binary) masks of abscess, healthy brain
tissue and the edema.

the T1c (contrast-enhanced T1-weighted image), T2,

and FLAIR (Fluid attenuated inversion recovery) im-

age is given, each highlighting a different region of the

tumor. Again, we exploit the information contained in

the images of the different modalities by employing

them as separate input channels. The proposed method

is thus able to use this complementary information to

delineate the different tissues and demonstrates solid

results for this concrete example from medicine. The

fact that the proposed energy functional can be ap-

plied directly to the given images, makes it particularly

suitable for medical image segmentation.

f1 f2 f3 GT

u1, λ = 0.15 u2, λ = 0.15 u3, λ = 0.15 rest

Fig. 15: The first row shows T1c, T2 and FLAIR images contained in
the BRATS dataset, which are required for accurate tumor diagnosis
and analysis as well as the ground truth annotations. The second
row demonstrate the minimizers of the energy functional, presenting
tumor, edema and necrosis. The last image represents the rest class.

7 Conclusion

In this paper, we have proposed a multichannel multi-

phase framework for image segmentation based on the

active contour model introduced by Chan and Vese.

The proposed framework is capable of performing seg-

mentation of images consisting of several channels which

can be given either in a natural form, such as RGB im-

ages, or can be extracted by some pre-filtering method.

We demonstrated the effectiveness of our method on

several images, such as artificial images containing tex-

ture or multi-modal medical images, and achieved con-

vincing results, which were confirmed by good perfor-

mance in comparison with other related approaches.

The method can distinguish between up to K + 1 dif-

ferent regions, where K denotes the number of input

channels, which makes it particularly suitable for ap-

plications in medical imaging. Further we have shown

existence of minimizers and examined stability and con-

vergence behavior with respect to the distorted input

images. For future extension of the proposed frame-

work, the combination with deep learning is planned,

in particular, the feature maps extracted in this paper

by means of pre-filtering shall be obtained by a neural

network. The combination of the strengths of modern

deep learning and classical energy based segmentation

methods could further improve the existing results and

enable more complex problems to be solved.
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