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Abstract
We study the inversion of the conical Radon which integrates a function in threedimensional space from integrals over circular cones. The conical Radon recently got
significant attention due to its relevance in various imaging applications such as Compton
camera imaging and single scattering optical tomography. The unrestricted conical Radon
transform is over-determined because the manifold of all cones depends on six variables:
the center position, the axis orientation and the opening angle of the cone. In this work,
we consider a particular restricted transform using triple line sensor where integrals over
a three-dimensional set of cones are collected, determined by a one-dimensional vertex
set, a one-dimensional set of central axes, and the one-dimensional set of opening angle.
As the main result in this paper we derive an analytic inversion formula for the restricted
conical Radon transform. Along that way we define a certain ray transform adapted to
the triple line sensor for which we establish an analytic inversion formula.
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Introduction

The conical Radon transform maps a function f : R3 → R in three-dimensional space to its
integrals over one-sided circular cones,
Cf (u, β, ψ) =

Z Z∞

S2

0

f (u + rα)rδ(α · β − cos ψ)drdS(α)

for (u, β, ψ) ∈ R3 ×S2 ×[0, π]. Here the cones of which the function is integrated are described
by the vertex u ∈ R3 , the central axis β ∈ S2 and the opening angle ψ ∈ [0, π], and δ denotes
the one-dimensional delta-distribution. Inverting the unrestricted conical Radon transform is
over-determined as Cf depends on six variables whereas the unknown function only depends
on three. Various forms of conical Radon transforms arise by restricting to certain subsets
of cones. Several inversion formulas for various types of conical transforms have derived
in [4–6, 8–10, 12–17, 19, 20, 22, 23, 26]. Also, as a special two-dimensional version of the conical
Radon transform, the V -line transform is also studied in [3,11]. For a recent review of conical
Radon transforms see [2, 18, 24]. In this paper we restrict the cones of integration to a three
dimensional submanifold of conical surfaces associated to linear detector where vertices and
the axes directions are restricted to one dimension.
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Figure 1: Schematic representation of a standard Compton camera
Among others, inverting the conical Radon transform is relevant for Compton camera imaging.
A Compton camera (also called electronically collimated γ-camera) has been proposed in
[21,25] for single photon emission computed tomography (SPECT) offering increased efficiency
compared to a conventional γ-camera. A standard Compton camera consists of two planar
detectors: a scatter detector and an absorption detector, positioned one behind the other. A
photon emitted from a radioactive source toward the camera undergoes Compton scattering
in the scatter detector, and is absorbed in the absorption detector positioned behind (see
Figure 1). In each detector plane, the positions u, ua and the energy of the photon are
measured. The energy difference determines the scattering angle ψ under which the photon
path has been scattered at the scattering detector. Therefore, the measurements allow to
conclude that photon has been emitted on a conical surface with vertex u, axis direction
2

pointing form ua to u and opening angle ψ. In a similar manner, assuming a continuous source
distribution of emitting photons, the Compton camera yields the conical Radon transform of
source distribution with vertices restricted to the scattering plane. The corresponding data
depend on five variables.
Instead of planar Compton cameras in this paper we consider linear Compton cameras consisting of two parallel detector lines (left image in Figure 2). Basically, the data acquisition with
linear detectors is the same as in the standard one. The only difference is that the vertices
are restricted to the one-dimensional scattering detector and the axes directions are restricted
to the one-dimensional set of all directions pointing from the linear absorption detector to
the linear scattering detector. Thus, the corresponding data depend on three variables and
thus are no longer over-determined. As the main theoretical result of this paper, we derive an
analytic inversion formula for triple linear sensor. As shown in the right image in Figure 2,
the triple line sensor consists three one dimensional vertex sets Ξ1 , Ξ2 , Ξ3 each associated
with a one-dimensional set axis directions.
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Figure 2: Left: Schematic representation of a Compton camera with line detectors. Right:
Triple line detector consisting of three orthogonal lines.
In practice it may be easier to build linear detectors than planar detectors because the former
requires less physical space and less complicated electronics. Moreover, to the high dimensionality of the data obtained from the planar detectors methods only using partial data have
been derived (see e.g. [4–6, 10, 16, 19, 22]). On the other hand, Compton camera data are
considerably noisy and utilizing full five-dimensional data is advised to obtain accurate reconstruction results [1, 7]. However, the data of planar sensors can be grouped in data sets of
several virtual linear detectors. Therefore, inversion methods for line detectors can be applied
to give several reconstructions for planar detectors that can be aggregated for noise reduction.
The rest of this paper is organized as follows. The conical Radon transform with triple linear
detector in introduced in Section 2. In Section 3 we derive an analytic inversion formula.
As main ingredient of the proof we reduce the conical Radon transform to a weighted ray
transform and proof a novel inversion formula for this ray transform. The paper concludes
with a short summary and outlook presented in Section 4.
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The conical Radon transform

In this section, we formally define the conical Radon transform with vertices on triple lines.
Let
Ξ = Ξ1 ∪ Ξ2 ∪ Ξ3
(1)

be the set of vertices where

Ξ1 := {(y1 , 0, 0) : y1 ∈ [0, 1]}
Ξ2 := {(0, y2 , 0) : y2 ∈ [0, 1]}
Ξ3 := {(0, 0, y3 ) : y3 ∈ [0, 1]} .

(2)

We denote by ψ ∈ [0, π] the opening angle of the circular cone and consider for each of the
sets Ξj a different one-dimensional set of central axes. More precisely we parametrize each of
the sets of central axes with β̄ = (β1 , β2 ) ∈ S1 and define


(β1 , 0, β2 ) if u ∈ Ξ1
(3)
β u = (0, β1 , β2 ) if u ∈ Ξ2


(β1 , 0, β2 ) if u ∈ Ξ3 .
Let f : R3 → R be the distribution of the radioactivity sources.

For the following it is convenient to work with s = cos ψ ∈ [−1, 1]. We then define the conical
Radon transform Ck f of a function f ∈ C(R3 ) with compact support as follows.

Definition 1 (Conical Radon transform). For given k ∈ N we define the conical Radon
transform Ck f : Ξ × S1 × R → R with vertices on triple lines by
(R R
∞
k
if s ∈ [−1, 1]
2 0 f (u + rα)r δ(α · β u − s) dr dS(α)
S
Ck f (u, β̄, ψ) :=
(4)
0
otherwise .
Here Ξ and β u are defined by (1)-(3), δ is the one-dimensional delta-distribution and dS is
the standard area measure on the unit sphere S2 ,
q


dS(α) = δ 1 − α21 + α22 + α23 dα1 dα2 dα3 for α = (α1 , α2 , α3 ) ∈ R3 .
Assuming that the density of photons decreases geometrically and proportional to the distance
from the source to detectors, then the data measured by a Compton camera are given by the
transform C1 f . When the density decreases at a different power of distance, we need different
values of k, see [12].

3

Exact inversion formula

In this section we derive an explicit inversion formula for the conical Radon transform. Along
that way we introduce a weighted ray transform, show how the conical Radon transform can
4

be reduced to the weighted ray transform and derive an explicit inversion formula for the
weighted ray transform.
Definition 2 (Weighted ray transform). Let Ξ be defined by (1) and set conv(Ξ) := {x ∈
[0, 1]3 : x1 + x2 + x3 ≤ 1}. We define the weighted ray transform Pk f : Ξ × R3 → R of a
continuous compactly supported function f : R3 → R by
Z∞
∀(u, w) ∈ Ξ × R3 : Pk f (u, w) := f (u + rw)r k dr .
(5)
0

It is easy to check that Pk f is homogeneous of degree −(k + 1) in the variable of w, i.e.,
Pk f (u, w) = |w|−(k+1) Pk f (u, w/|w|) for w 6= 0.

Lemma 3 (Reduction of the conical Radon transform to the ray transform). For f ∈ C ∞ (R3 )
with compact support in conv(Ξ), we have


Z
w̄u
wu
H
∂
(C
f
)
u,
β̄,
β̄
·
dS(β̄) .
(6)
∀(u, w) ∈ Ξ × R3 : Pk f (u, w) =
s s
k
4π|w|k+2
|w|

Here Hs f (s) =

1
π

R

S1

f (t)
R s−t dt

is the Hilbert transform and we have written

2

if u ∈ Ξ1
(w1 , w3 ) ∈ R
2
w̄u := (w2 , w3 ) ∈ R
if u ∈ Ξ2


2
(w1 , w3 ) ∈ R
if u ∈ Ξ3

and wu for the component of w missing in w̄u .

We omit the proof here since it can be similarly proved as in that of Theorem 5 in [13] with
some minor modification. For more details, we refer the readers to [13].
Now we are ready to obtain the inversion formula for Ck f .
Theorem 4 (Inversion formula for the conical Radon transform). Define the constant ck :=
1
and let f ∈ C ∞ (R3 ) have compact support in conv(Ξ). Then,
22 (2π)3 (k−1)!
 Z Z Zα1 Z


α2 (α1 − ω)k−2 k−1


(∂u1 Hs ∂s Ck f ) Λ(x, n), β̄, β̄ · (ω, α3 )


k+2

|(ω, α2 , α3 )|



S2 n⊥ ∩S2 −∞ S1



×dωdS(β̄)dS(α)dS(n)
if Λ(x, n) ∈ Ξ1



α2 Z
Z
Z
Z




α1 (α2 − ω)k−2 k−1

(∂u2 Hs ∂s Ck f ) Λ(x, n), β̄, β̄ · (ω, α3 )
k+2
|(ω, α2 , α3 )|
f (x) = ck ∆x

S2 n⊥ ∩S2 −∞ S1



×dωdS(β̄)dS(α)dS(n)
if Λ(x, n) ∈ Ξ2



α3 Z

Z
Z
Z



α2 (α3 − ω)k−2 k−1


(∂
H
∂
C
f
)
Λ(x,
n),
β̄,
β̄
·
(α
,
ω)

s
1
k
u
s

3

|(α1 , α2 , ω)|k+2



 S2 n⊥ ∩S2 −∞ S1
×dωdS(β̄)dS(α)dS(n)
if Λ(x, n) ∈ Ξ3 ,
(7)
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where Λ(x, n) is any point in Ξ ∩ {y ∈ R3 : (x − y) · n = 0}.
Proof. Notice that by the chain rule, we have for u ∈ Ξ1
k−1 P f )(u, w) =
(∂w
1
1

Z∞

k−1
r∂w
f (u + rw)dr
1

0

=

Z∞

∂uk−1
f (u + rw)r k dr = (∂uk−1
Pk f )(u, w) .
1
1

0

k−1 P f )(u, w) = (∂ k−1 P f )(u, w) for u ∈ {0} × [0, 1] × {0} and
Similarly, we have (∂w
1
k
u2
2
k−1
(∂w3 P1 f )(u, w) = (∂uk−1
P
f
)(u,
w)
for
u
∈
Ξ
3 . Together with Cauchy’s formula for rek
3
peated integration we obtain
 w1
Z




(w1 − ω)k−2 (∂uk−1
Pk f )(u, ω, w2 , w3 )dω if u ∈ Ξ1

1




−∞



Zw2

1
(w2 − ω)k−2 (∂uk−1
Pk f )(u, w1 , ω, w3 )dω if u ∈ Ξ2
P1 f (u, w) =
2
(k − 1)! 


−∞



 Zw3



(w3 − ω)k−2 (∂uk−1
Pk f )(u, w1 , w2 , ω)dω if u ∈ Ξ3 .

3


−∞

Recall that Rf be the 3-dimensional regular Radon transform, i.e.,
Z
f (x)dx
for (n, s) ∈ S2 × R.
Rf (n, s) =
{x·n=s}

Then, using the polar coordinates, one can easily verify that
Rf (n, x · n) =

=

Z∞ Z

0 n⊥ ∩S2

f (Λ(x, n) + rα)rdS(α)dr =

Z

⊥

P1 f (Λ(x, n), α) dS(α)
2

n ∩S
 Z Zα1



(α1 − ω)k−2 (∂uk−1
Pk f )(Λ(x, n), ω, α2 , α3 )dωdS(α)


1




n⊥ ∩S2 −∞



if Λ(x, n) ∈ Ξ1



α2
Z
Z




(α − ω)k−2 (∂ k−1 P f )(Λ(x, n), α , ω, α )dωdS(α)

1
2
1
3
k
u2
⊥
2
(k − 1)! 
−∞
n ∩S




if Λ(x, n) ∈ Ξ2


α3

Z
Z




(α3 − ω)k−2 (∂uk−1
Pk f )(Λ(x, n), α1 , α2 , ω)dωdS(α)


3



⊥
2
−∞

 n ∩S
if Λ(x, n) ∈ Ξ3 .
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(8)

We have the well-known inversion formula for Rf , i.e., for x ∈ R3 ,


Z
1
f (x) = 2 ∆x  Rf (n, x · n)dS(n) .
8π

(9)

S2

This implies that the function f (x) is determined by the integrals of Rf over the hyperplanes
passing through the point x. Plugging (8) into (9), we obtain the inversion formula for f in
terms of P1 f as

f (x) =

 Z









S2






Z





1
∆x

8π 2 (k − 1)!
S2







Z










 S2

Z

Zα1

Z

Zα2

Z

Zα3

n⊥ ∩S2 −∞

n⊥ ∩S2 −∞

n⊥ ∩S2 −∞

(α1 − ω)k−2 (∂uk−1
Pk f )(Λ(x, n), ω, α2 , α3 )dωdS(α)dS(n)
1
if Λ(x, n) ∈ Ξ1
(α2 − ω)k−2 (∂uk−1
Pk f )(Λ(x, n), α1 , ω, α3 )dωdS(α)dS(n)
2
if Λ(x, n) ∈ Ξ2
(α3 − ω)k−2 (∂uk−1
Pk f )(Λ(x, n), α1 , α2 , ω)dωdS(α)dS(n)
3
if Λ(x, n) ∈ Ξ3 .

(10)

Using Lemma 3, we have our assertion.
Remark 5 (Generalization to different vertex sets). We point out that an inversion formula
similar to (7) can also be derived for other arrangements triple line detectors. In such a case,
one reconstructs a function f ∈ C ∞ (R3 ) with compact support in a certain set K depending
on Ξ by deriving generalizations of Lemma 3 and Theorem 4. For such results, the following
condition has to be satisfied: For every x ∈ K, every plane passing through x intersects the
vertex set Ξ.

4

Conclusion

In this paper we derived an explicit inversion formula for inverting the conical Radon transform
with vertices on triple lines. The considered geometry does not use formally over-determinated
data and uses a bounded vertex set. As main auxiliary result we derived an inversion formula
for a ray transform adjusted to the triple linear detector. While the used data was motivated
by SPECT imaging with one-dimensional Compton cameras our results are applicable to
other settings as well. In future work we will investigate then numerical implementation of
the derived inversion approach and compare with other inversion methods.
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