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Abstract
Joint inversion of multiple observation models has important applications in many disciplines including geoscience, image processing and computational biology. One of the methodologies for joint
inversion of ill-posed observation equations naturally leads to the multi-parameter regularization, which
has been intensively studied for several years. However, problems such as a choice of multiple regularization parameters remain open. In the present study, we discuss a rather general approach to
the regularization of multiple observation models, based on the idea of the linear aggregation of approximations corresponding to different values of the regularization parameters. We show how the
well-known linear functional strategy can be used for such an aggregation and prove that the error of a
constructive aggregator differs from the ideal error value by a quantity of a order higher than the best
guaranteed accuracy from the most trustable observation model. The theoretical analysis is illustrated
by numerical experiments with simulated data.

Keywords: Multi-parameter regularization, joint inversion, linear functional strategy, aggregation.
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Introduction

In various application fields, especially in geoscience, one is often provided with several data sets of
indirect observations of the same quantity of interest, where each set contains the data measured by
different physical principles. For example, when determining the gravity field of the Earth by satellite
data we have to combine different types of present or future data such as GPS observations for the
satellite missions CHAMP [31] or GRACE [32], with its satellite-to-satellite tracking (SST), as well as
gradiometer measurements for the satellite mission GOCE [30], with its satellite gravity gradiometer
(SGG). Other examples are related to various problems in geomagnetism, which require a combination of
satellite data and ground data at the Earth’s surface in order to obtain high resolution models (see, e.g.,
[10]). There is an extensive literature where SST- and SGG-problems were studied and treated separately
and independently. For this subject, the readers are referred to the monograph [9] and to the references
cited therein.
With multiple observation models, such as SST and SGG, each providing approximations of the
same quantity of interest, one is left with the choice of which to trust. A more advanced question
is what to do with a less trustable approximation, or what is the same, whether the approximation
that involves all available observations may actually serve as an effective way to reduce uncertainties in
independently inverted models. This question was and is discussed quite intensively in the geophysical
literature, where the term “joint inversion” was introduced by the authors of [29] for the methods which
give the solution of various types of observation equations inverted simultaneously. Similar ideas were
also applied in medical applications, e.g., the joint utilization of CT and SPECT observations to improve
the accuracy of imaging [4]. A short overview about the application of joint inversion in geophysics may
∗
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be found in [12], where it was mentioned in particular that there was no standard standpoints using
the appellation joint inversion. To distinguish inversion methods based on different data combinations,
researchers have introduced different names, e.g., aggregation [26], which was also used in the context
of statistical regression analysis [15, 16]. Regardless of their names, what is in common for the above
mentioned approaches is that they induces stability by simultaneously utilizing different types of indirect
observations of the same phenomenon that essentially limits the size of the class of possible solutions [3].
The idea of the joint inversion naturally leads to the methodology of the multi-parameter regularization, which in the present context may be seen as a tool for the compensation of different observations.
Multi-parameter regularization of geopotential determination from different types of satellite observations was discussed in [17]. Similar approach was adopted in the high resolution image processing and
displayed promising effects in experiments [22]. At this point it is important to note that one should
distinguish between multi-parameter schemes, where the regularization parameters penalize the norms
of the approximant in different spaces, and the schemes, where the parameters weight the data misfits
in different observation spaces. In the former schemes an observation space is fixed, and by changing
the regularization parameters we try to find a suitable norm for the solution space, while in the latter
schemes the situation is opposite: by changing the parameters we try to construct a common observation
space as a weighted direct sum of given spaces. The choice of the regularization parameters for the former
schemes has been extensively discussed in the literature. A few selected references are [6, 7, 8, 14, 21]. As
to the latter schemes (schemes with a fixed solution space), we can indicate only the paper [17], where a
heuristic paremeter choice rule is discussed, and the paper [18], where the parameter choice is considered
as a learning problem under the assumption that for similar inverse problems a suitable parameter choice
has been known. It is clear that such approaches can be used only for particular classes of problems.
Although a simultaneous joint inversion by means of multi-parameter regularization provides acceptable solutions, it still faces methodological difficulties such as the choice of regularization parameters that
determine suitable relative weighting between different observations. The goal of the present study is to
discuss a rather general approach to the regularization of multiple observation models, which is based on
the idea of a linear aggregation of approximations corresponding to different value of the regularization
parameters.
This paper is organized as follows. In Section 2 we discuss an analog of the Tikhonov-Phillips regularization for multiple observation models. In Section 3 we study a linear aggregation of the regularized
approximate solutions and its relation to the linear functional strategies [1, 2, 19]. In Section 4 we
illustrate our theoretical results by numerical experiments. We draw conclusions in the last section.
2

Tikhonov-Phillips Joint Regularization

In this section, we analyze the methodology from multiple observations to the joint regularization, and
lead to the multi-parameter regularization in general form with the SST- and SGG-problems as an
incident. Then, different parameter choice schemes in literature are investigated and which arises the
topic about utilizing the diversity of parameter choices. We begin with setting up a general framework.
If m different kinds of observations are assumed, then in an abstract form they enter into determination
of the quantity of interest x = x† (e.g., the potential of the gravity or magnetic field), leading to the
observation equations
yiei = Ai x + ei , i ∈ Nm ,
(1)

where Ai denotes the design operator, which can be assumed as being a linear compact and injective operator from the solution space X into the observation space Yi , and ei denotes the error of the observations,
and Nm := {1, 2, . . . , m}.
In a classical deterministic Hilbert space setting, X and Yi are assumed to be Hilbert spaces and
(2)
kAi x† − yiei kYi 6 εi , i ∈ Nm ,
where εi ∈ (0, 1) is a noise level. In particular, for the spherical framework of the SST-type or the
SGG-type problem, the design operators in model (1) have the form
Z
(3)
hi (t, τ )x(τ ) dΩR0 (τ ), t ∈ Ωρi , i = 1, 2,
Ai x(t) :=
Ω R0

2

where in case of SST
h1 (t, τ ) := −(4πR0 )

−1

while in case of SGG



ρ2 − R02
∂
|ρ=ρ1 ,
∂ρ (ρ2 + R02 − 2 ht, τ iR3 )3/2



ρ2 − R02
∂2
|ρ=ρ2 ,
h2 (t, τ ) := (4πR0 )
∂ρ2 (ρ2 + R02 − 2 ht, τ iR3 )3/2
and the surface of the Earth ΩR0 and satellite orbits Ωρi are assumed to be concentric spheres of radii
R0 and ρi , R0 < ρi .
−1

The joint regularization of multiple observation models (1), (2) can be formulated as an optimization
that involves minimization of an objective functional Φ(x), which combines the measures of data misfit
kAi x−yiei kYi , i ∈ Nm , with a regularization measure. In the spirit of the Tikhonov-Phillips regularization
the latter can be chosen as the norm k · kX of the solution space. In this way, the objective functional
can be written as
X
(4)
λi kAi x − yiei k2Yi + kxk2X ,
Φ(x) :=
i∈Nm

where λi ∈ (0, ∞) are the regularization parameters. The multiple regularization parameters are introduced in regularization problem (4) to adjust contributions for data misfit from different observation
models.
It is convenient to rewrite the objective functional Φ(x) in (4) in a compact form by introducing
a direct sum space of the observation spaces. To this end, for each i ∈ Nm , we use Yi,λi to denote
the observation space Yi equipped with the scaled inner product h·, ·iYi,λ := λi h·, ·iYi , and define the
i
weighted direct sum Yλ of the observation spaces Yi,λi by
M
Yλ :=
Yi,λi ,
i∈Nm

where λ := (λi : i ∈ Nm ), and for u := (ui : i ∈ Nm ) ∈ Yλ ,
X
λi kui k2Yi .
kuk2Yλ =
i∈Nm

By letting y e := (yiei : i ∈ Nm ) ∈ Yλ , and Aλ x := (Ai x : i ∈ Nm ) ∈ Yλ , the objective functional (4) may
be represented as
(5)
Φ(x) = kAλ x − y e k2Yλ + kxk2X .
Note that Aλ is a compact linear injective operator from X to Yλ .

In the representation (5), we can conveniently obtain the classical Tikhonov-Phillips form of the
minimizer xeλ of Φ defined by (4) in terms of Aλ . Specifically, the minimizer xeλ of Φ satisfies the equation
xeλ = (I + A∗λ Aλ )−1 A∗λ y e ,
where I : X → X is the identity operator and A∗λ : Yλ → X is the adjoint of Aλ . Clearly, for any u the
adjoint operator A∗λ has the form
X
λi A∗i ui .
A∗λ u =
i∈Nm

From the representation (5) it follows that the regularized approximant x = xeλ is the solution of the
equation
X
X
x+
λi A∗i Ai x =
(6)
λi A∗i yiei .
i∈Nm

i∈Nm

Equation (6) was obtained in [17] by the Bayesian reasoning. It is also suggested in [17] to relate the
values of the regularization parameters λi with the observation noise levels (variances) εi as follows:
ε2
(7)
λi = λ1 21 , i ∈ Nm .
εi
Note that for the given noise levels this relation reduces the multi-parameter regularization (4) to a single
parameter one, since only λ1 needs to be chosen.
3

The heuristic rule (7) can be derived from a bound for the noise propagation error. Specifically, we
have that
kx0λ − xeλ kX = k(I + A∗λ Aλ )−1 A∗λ (y 0 − y e )kX

6 k(I + A∗λ Aλ )−1 A∗λ kYλ →X ky 0 − y e kYλ
1
6 kAλ x† − y e kYλ
2
where y 0 := (yi0 : i ∈ Nm ) = (Ai x† : i ∈ Nm ) ∈ Yλ . It follows from Assumption (2) that
!1
2
X
1
kx0λ − xeλ kX 6
λi ε2i
.
2

(8)

i∈Nm

The heuristics behind the rule (7) is clear: The rule equates all the terms from the bound (8) and balances
data misfits against each other. Then the final balance may be achieved by making a choice of the last
remaining parameter λ = λ1 . The latter can be chosen by known single-parameter choice rules such
as the quasi-optimality criterion [28]. We label the above heuristics as “M1” and provide an algorithm
(Algorithm 2.1) in pseudo-code to facilitate the usage.

Algorithm 2.1 for M1
Input: Ai , yiei , εi , i ∈ Nm , Σ, where Σ is the parameter set
Output: x̃
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:
11:

(j)

for j = 1 to |Σ|, where λ1 ∈ Σ do
for i = 1 to m do
(j)
(j)
λi ← λ1 ε1 /εi
end for
(j)
x(j) ← (I + A∗λ(j) Aλ(j) )−1 A∗λ(j) y e , where λ(j) := (λi : i ∈ Nm )
if j > 2 then
∆(j) ← kx(j) − x(j−1) kX
end if
end for
j∗ ← arg min{∆(j) , 2 6 j 6 |Σ|}
return x̃ ← x(j∗ )

There are alternatives to (7), for example, a multiple version of the well-known quasi-optimality
criterion [28]. For the sake of the clarity of the presentation we describe it here only for the case of
two observation equations (1) (m = 2), which we label as “M2”. Algorithm 2.2 is provided to illustrate
the mechanism behind it. There are also several other ways of selecting the values of the regularization
parameters in (4) and (6). In the next section we shall discuss how we can gain from a variety of rules.
Algorithm 2.2 for M2
Input: Ai , yiei , i = 1, 2, Σ
Output: x̃
1:
2:
3:
4:
5:
6:
7:
8:
9:
10:

(j)

for j = 1 to |Σ|, where λ1 ∈ Σ do
(k)
for k = 1 to |Σ|, where λ2 ∈ Σ do
(j) (k)
x(j,k) ← (I + A∗λ(j,k) Aλ(j,k) )−1 A∗λ(j,k) y e , where λ(j,k) = (λ1 , λ2 )
if k > 2 then
∆(j,k) ← kx(j,k) − x(j,k−1) kX
end if
end for
end for
(j∗ , k∗ ) ← arg min{∆(j,k) , 1 6 j 6 |Σ|, 2 6 k 6 |Σ|}
return x̃ ← x(j∗ ,k∗ )
4

3

Aggregation By a Linear Functional Strategy

A critical issue in solving the joint inversion problem is the choice of the multiple regularization parameters
involved in the model. We may propose various rules for the choice of the weighted parameters of multiple
observation spaces if certain a prior solution information is available. In the case of less of dominant
criteria, a feasible way to solve the joint inversion problem is to make use of the variety of parameters, or
the resulting solution candidates. In this sense choosing certain linear combination of multiple solutions,
which result from different parameter choices, as a new solution to the joint inversion problem may
be more efficient. This section is devoted to developing such a method. We propose an “aggregation”
method in a more general sense with the joint inversion problem as a special example. Specifically, we
describe the construction of an aggregator and discuss technical difficulties in its realization. We then
propose a linear functional strategy to resolve the problem and estimate the related errors. Furthermore,
we show that the parameter choice strategy by using the balancing principle can achieve almost the best
guaranteed accuracy.
We begin with the review of the aggregation. We assume that there are n various rules available for
choosing the multiple parameters λ, which result in n different approximations x̃j ∈ X , j ∈ Nn , to the
element of interest x† . In practice, usually we do not know which of these approximations better fits the
element x† . Moreover, the approximations x̃j , j ∈ Nn , may complement each other. An attractive way
to resolve the arising uncertainty is to “aggregate” these approximations. That is, we find the best linear
combination
X
x∗ :=
βj∗ x̃j ,
j∈Nn

in the sense that x∗ solves the minimization problem

kx† − x∗ kX = min x† −
βj

X

(βj∗

.

βj x̃j

j∈Nn

)T ,

(9)

X

The solution x∗ of (9) is determined by β∗ :=
: j ∈ Nn
which is the solution of a system of linear
equations. To observe this, we need the inner product h·, ·iX of Hilbert space X . Letting
G := (hx̃r , x̃s iX : r, s ∈ Nn )
and introducing β := (βj : j ∈ Nn )T and κ := (κj : j ∈ Nn )T , where κj := x̃j , x† X , j ∈ Nn , we see
that β∗ solves the linear system
Gβ = κ.
(10)
If we assume, without loss of generality, that approximations x̃j , j ∈ Nn , are linearly independent, then
the Gram matrix G is positive definite and thus invertible such that
kG−1 kRn →Rn 6 γ,
(11)
where γ is a constant that depends only on x̃j , j ∈ Nn . Thus, β∗ has the representation
β∗ = G−1 κ
and
X
x∗ = x̃β∗ :=
βj∗ x̃j ,
j∈Nn

where x̃ := (x̃j : j ∈ Nn ).
System (10) cannot be solved without knowing the vector κ. However, the vector κ involves the
unknown solution x† . Therefore, we turn to finding an approximation of system (10). A possible approach
is to approximate κ by a κ̃ := (κ̃j : j ∈ Nn )T , and to get
β̃ = G−1 κ̃

by solving the system
Gβ = κ̃.

(12)

This yields an effective aggregator
xag := x̃β̃ =

X

j∈Nn

5

β̃j x̃j ,

(13)

of x̃j , j ∈ Nn . In other words, we find an approximation β̃ := (β̃j : j ∈ Nn )T of β∗ such that xag = x̃β̃
is “nearly as good as” x∗ . Following this idea, we describe a construction of κ̃ and estimate the resulting
errors.
3.1

Selected results on the linear functional strategy

In this subsection we present an approach to approximate κ̃ by using the linear functional strategy as
introduced in [1, 2, 19]. The advantage of this strategy is that if one is not interested in completely
knowing x† , but instead in only some quantity derived from it, such as the value of a bounded linear
functional x̃(·) = hx̃, ·iX of the solution x† , then this quantity can be estimated more accurately than the
solution x† in X .
It is reasonable to measure the closeness between an effective aggregator xag and the ideal approximant
x∗ in terms of the accuracy of the best reconstruction of x† from the most trustable observation equation
y e = Ax + e.
(14)
Model (14) is selected from the set of the considered models (1) according to one of the following rules:
(a) The operator A ∈ {Ai : i ∈ Nm } makes the corresponding inverse problem less ill-posed than the
other design operators, or (b) the data y e ∈ {yiei : i ∈ Nm } are provided with the smallest noise level
ε := min{εi : i ∈ Nm } such that
kAx† − y e kY 6 ε,
(15)

where Y is the corresponding observation space Yi , for some i ∈ Nm . Then the best guaranteed accuracy
of the reconstruction of x† ∈ X from (14) and (15) can be expressed in terms of the noise level ε and
the smoothness of x† . From [24], the smoothness of x† can be represented in the form of the source
condition to be described below. According to [24], a function ϕ : [0, kAk2X →Y ] → [0, ∞) is called an
index function if it is continuous, strictly increasing, and satisfies ϕ(0) = 0. Suppose that an index
function ϕ is given. Let σk , wk , k ∈ N be the singular values and the corresponding singular vectors
of A∗ A, such that wk , k ∈ N, form a standard orthogonal system in X . We assume that the following
source condition holds
(
)
X
†
∗
x ∈ Aϕ (R) := x ∈ X , x = ϕ(A A)v :=
ϕ(σk ) hv, wk iX wk , kvkX 6 R ,
(16)
k∈N

where R is a positive number. It is also known from [13, 25] that
kx† − Ly e kX = O(ϕ(θ−1 (ε))),
inf
sup
sup
L:Y→X x† ∈A (R)
ϕ

ye :
kAx† −y e kY 6ε

(17)

√
where θ(t) := ϕ(t) t for t > 0, and the infimum is taken over all possible mappings L from Y to X .
Clearly, formula (17) ensures that the best guaranteed accuracy of the reconstruction of x† ∈ Aϕ (R) from
the observation (14) and (15) has the order of ϕ(θ−1 (ε)).
For the purpose of analyzing the Tikhonov-Phillips regularization and its multi-parameter version,
such as (4), it is natural to assume that the source condition (16) is generated by a given index function
ϕ that is covered by the qualification, denoted by p, of the Tikhonov-Phillips method (i.e., p = 1) in the
tp
sense of [25]. That is to require that the function ω(t) := ϕ(t)
, where p = 1 in case of Tikhonov-Phillips
regularization, is a nondecreasing function. Then from [25] it is known that the best guaranteed order of
accuracy can be achieved within the Tikhonov-Phillips scheme. Recall that for a regularization parameter
α, the Tikhonov-Phillips regularization of (14) and (15) is defined as
xα = arg min{kAx − y e k2Y + αkxkX } = (αI + A∗ A)−1 A∗ y e .
We recall below a result from [25].
t
Theorem 3.1. If ϕ is an index function such that the function ω(t) = ϕ(t)
is nondecreasing, then for
−1
α = θ (ε)
kx† − xα kX = O(ϕ(θ−1 (ε))).
sup
sup
x† ∈Aϕ (R)

ye :
kAx† −y e kY 6ε

6

Since the Hilbert space X is self-adjoint, an element x̃ representing a bounded linear functional
x̃(x) := hx̃, xiX has certain order of smoothness that can be expressed in terms of the source condition x̃ ∈
Range(ψ(A∗ A)) with an index function ψ. If we use the Tikhonov-Phillips regularization to approximate
the value x̃(x† ) := x̃, x† X by hx̃, xα iX , then the following result is known (see, e.g., [5], [20], Remark
2.6).
Theorem 3.2. If x̃ ∈ Range(ψ(A∗ A)) and the index functions ϕ and ψ are such that the functions
t
and ϕ(t)ψ(t)
are nondecreasing, then for α = θ−1 (ε)
D
E
x̃, x†
− hx̃, xα iX = O(ϕ(θ−1 (ε))ψ(θ−1 (ε))) = o(ϕ(θ−1 (ε))).
sup
sup
x† ∈Aϕ (R)

√
t
ψ(t)

X

ye :
kAx† −y e kY 6ε

Comparing the above theorems, we conclude that potentially the value of x̃, x† X allows a more
accurate estimation than the solution x† , provided that x̃ satisfies the hypothesis of Theorem 3.2. In
the next theorem, we show that for the purpose of aggregation the hypothesis of Theorem 3.2 is not too
restrictive.
Theorem 3.3. If ϕ is an index function such that the function ω(t) =

t
ϕ(t)

is increasing, ω(0) :=

lim ω(t) = 0 and assume that x† ∈ Aϕ (R), then for any x̃ ∈ X there is an index function ψ such that

t→0+

x̃ ∈ Range(ψ(A∗ A)) and the functions

√

t
ψ(t)

and

t
ϕ(t)ψ(t)

are nondecreasing.

Proof: Consider the compact linear operator B := ω(A∗ A) which is self-adjoint, injective and nonnegative. From Corollary 2 of [24], it follows that there is a concave index function ψ0 and a constant
R′ > 0 such that x̃ = ψ0 (B)v0 , kv0 kX 6 R′ . Thus, x̃ admits a representation
1

1

1

x̃ = (ψ0 (B)) 2 (ψ0 (B)) 2 v0 = ψ02 (ω(A∗ A))v,

(18)

1
2

where v := (ψ0 (B)) v0 ∈ X .

1

Next, we consider the function ψ(t) := (ψ0 (ω(t))) 2 and prove that it has the desired properties
described in this theorem. It follows from (18) that x̃ ∈ Range(ψ(A∗ A)). Moreover, in view of the
concavity of the index function ψ0 , we observe that for any 0 < u1 < u2
u2
u1
6
.
(19)
ψ0 (u1 )
ψ0 (u2 )
Hence, for 0 < t1 < t2 we have that ω(t1 ) < ω(t2 ) and
1 
1
1


2
2
2
1
t1
t1
t1
ω(t1 )
2
=
= (ω(t1 ))
ϕ(t1 )ψ(t1 )
ϕ(t1 )
ϕ(t1 )ψ0 (ω(t1 ))
ψ0 (ω(t1 ))

1
2
1
ω(t2 )
t2
,
=
6 (ω(t2 )) 2
ψ0 (ω(t2 ))
ϕ(t2 )ψ(t2 )
where we have used (19) with u1 := ω(t1 ), u2 := ω(t2 ) and the increasing monotonicity of ω. This proves

t
is nondecreasing. The same feature of the function
that the function ϕ(t)ψ(t)
same way. Indeed, for any 0 < t1 < t2 we have that
1

1 
1
2
2
1
t12
t1
ω(t1 )
=
=
ϕ 2 (t1 )
ψ(t1 )
ψ0 (ω(t1 ))
ψ0 (ω(t1 ))
1
1

2
1
t22
ω(t2 )
,
ϕ 2 (t2 ) = 2
6
ψ0 (ω(t2 ))
ψ (t2 )
proving the desired result.

3.2

1

t2
ψ(t)

may be proved in the

✷

Application in aggregation

In the framework of the linear functional strategy described earlier, for each j ∈ Nn , we can approximate
the component κj of the vector κ by
κ̃j = x̃j , xαj X ,
(20)
7

where xαj := (αj I + A∗ A)−1 A∗ y e , j ∈ Nn are feasible substitutes for x† . Combining Theorems 3.2 and
3.3, we see that for x† ∈ Range(ϕ(A∗ A)) there exists an index function ψj such that x̃j ∈ Range(ψj (A∗ A))
and
D
E
(21)
x̃j , x†
− x̃j , xαj X = O(ϕ(θ−1 (ε))ψj (θ−1 (ε))) = o(ϕ(θ−1 (ε))),
θ−1 (ε).

X

where αj = α =
Theoretically, the order of accuracy o(ϕ(θ−1 (ε))) in approximating κj can be
achieved by applying the linear functional strategy with the same value of the regularization parameter α.
However, in practice, the function ϕ describing the smoothness of the unknown solution x† is unknown.
As a result, one cannot implement a priori parameter choice αj = α = θ−1 (ε). In principle, this difficulty
may be resolved by use of the so-called Lepskii-type balancing principle, introduced in [5, 11] in the
contest of the linear functional strategy. But, a posteriori parameter choice strategy presented in those
papers requires the knowledge of the index functions ψj describing the smoothness of x̃j in terms of the
source condition x̃j ∈ Range(ψj (A∗ A)). This requirement may be restrictive in some applications. The
1
proof of Theorem 3.3, for example, gives the formula ψj (t) = (ψ0 (ω(t))) 2 , where both functions ψ0 , ω
depend on the unknown index function ϕ. To overcome this difficulty, we consider below a modification
of the balancing principle to achieve the error bounds (21) without requiring the knowledge of ϕ and ψj .
The theory of the balancing principle is known in the literature (see, for example, [11], [20] Section
1.1.5, and [23]). Following the general theory, we formulate a version of the balancing principle suitable
for our context. In view of the representation
D
E
D
E
x̃j , x†
− hx̃j , xα iX = x̃j , x†
− x̃j , (αI + A∗ A)−1 A∗ y e X
X
X
D
E
(22)
= α (αI + A∗ A)−1 x̃j , x†
− e, (αI + AA∗ )−1 Ax̃j Y ,
X

which is well known as the decomposition of the error into the noise-free term and the noise term, we
consider the functions of α
D
E
Ej (α) := x̃j , x†
− hx̃j , xα iX ,
X
D
E
Bj (α) := α (αI + A∗ A)−1 x̃j , x†
(23)
and

X

Vj (α) := (αI + AA∗ )−1 Ax̃j

Y

.

(24)

From (15), (22) we can derive the following bound in terms of Vj (α), Bj (α):
Ej (α) 6 Bj (α) + εVj (α).
(25)
At the same time, it should be noted that Vj (α) is a monotonically decreasing continuous function of α.
Following the analysis given above, we propose a modified version of the balancing principle for the data
functional strategy on Tikhonov-Phillips regularization.
Consider the Tikhonov-Phillips regularized data functional hx̃j , xα iX . We choose the value of α from
the finite set
ΣN := {ε2 = α(1) < α(2) < . . . < α(N ) = 1}
according to the balancing principle
α = αj := max{α(k) ∈ ΣN : hx̃j , xα(k) iX − hx̃j , xα(l) iX 6 4εVj (α(l) ), l ∈ Nk }.

(26)

Theorem 3.4. If the value of α is chosen from the finite set ΣN according to the balancing principle
(26), then
Ej (αj ) 6 C min {Bj (α) + εVj (α)},
(27)
α∈[ε2 ,1]

where the coefficient C can be estimated as
C := 6 max{Vj (α(l+1) )/Vj (α(l) ), l ∈ NN −1 }.
Theorem 3.4 can be proved by the same argument as in [20] (Section 1.1.5) and [23]. It leads to the
following result.

8

t
is increasing and
Theorem 3.5. Suppose that x† ∈ Aϕ (R) and ϕ is such that the function ω(t) = ϕ(t)
ω(0) = 0. If α = αj is chosen according to (26) and the bound (15) holds true then
Ej (αj ) = o(ϕ(θ−1 (ε))).

Proof: We shall use (25) to estimate Ej (αj ). We first consider (24). By the assumption of this theorem
on the index function ϕ, using the proof of Proposition 2.15 of [20], we observe that for x† ∈ Aϕ (R), the
assumption of Theorem 3.3 is satisfied and we have that
ψj (α)
(28)
Vj (α) 6 C √ ,
α
where C depends only on the norm of x̃j and ψj is an index function satisfying
the assumption of Theorem
√
t
∗
3.2 in a sense that x̃j ∈ Range(ψj (A A)), and the both functions ψj (t) and ϕ(t)ψt j (t) are nondecreasing
ones. The existence of such ψj is guaranteed by Theorem 3.3.
We then estimate (23). Again, from the proof of Proposition 2.15 of [20], the following bound
Bj (α) 6 Cϕ(α)ψj (α)
(29)
†
is satisfied, where the coefficient C depends only on the norms x , x̃j . Theorem 3.4 tells us that if we
choose the value of α as per (26) then the error estimate (27) can be achieved. Thus, in view of the
bounds (27), (29) and (28) it is clear that θ−1 (ε) ∈ [ε2 , 1] and


ψj (α)
min {Bj (α) + εVj (α)} 6 C min ϕ(α)ψj (α) + ε √
α
α∈[ε2 ,1]
α∈[ε2 ,1]
!
ψj (θ−1 (ε))
= 2Cϕ(θ−1 (ε))ψj (θ−1 (ε)),
(30)
6C ϕ(θ−1 (ε))ψj (θ−1 (ε)) + ε p
θ−1 (ε)
proving the desired result.
✷
It is worth to note that given A and x̃j the value of Vj (α) at any point α ∈ (0, 1] can be calculated
directly as the norm of the solution of the equation αu + AA∗ u = Ax̃j in the space Y, and it does not
require any knowledge of ψj .
We prove the following main result of aggregation.
Theorem 3.6. Suppose that x∗ is the ideal aggregator in the sense of (9) and xag is its approximant
constructed according to (13), (12) and (20). Let y e be an observation that satisfies the bound (15). If
t
is increasing, ω(0) = 0,
x† ∈ Aϕ (R), where ϕ is an index function such that the function ω(t) = ϕ(t)
and the values of the regularization parameters αj , j ∈ Nn in (20) are chosen according to the balancing
principle (26) using only y e , A and x̃j , j ∈ Nn , then
kx† − xag kX − kx† − x∗ kX = o(ϕ(θ−1 (ε))).

Proof: According to the triangular inequality, we have that
kx† − xag kX − kx† − x∗ kX 6 kx∗ − xag kX = kx̃(β∗ − β̃)kX 6 kx̃kX n kβ∗ − β̃kRn .

It remains to estimate kβ∗ − β̃kRn . To this end, from (27), (30) we observe that

1
2
E
X D
2
√
†


kκ − κ̃kRn =
x̃j , x
− x̃j , xαj X
6 C nϕ(θ−1 (ε)) max ψj (θ−1 (ε)),
j∈Nn

j

X

where C depends only on the norms of x† and x̃j , j ∈ Nn . Thus, we get that
kκ − κ̃kRn = o(ϕ(θ−1 (ε)).
It follows from (11) that
kβ∗ − β̃kRn = kG−1 (κ − κ̃)kRn 6 γkκ − κ̃kRn = o(ϕ(θ−1 (ε)).
Finally, combining the estimates above, we find that
kx† − xag kX − kx† − x∗ kX 6 kx̃kX n kβ∗ − β̃kRn = o(ϕ(θ−1 (ε))),
proving the desired result.
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✷

Theorem 3.6 tells us that the coefficients β̃j of the aggregator xag can be effectively obtained from the
input data in such a way that the error kx† − xag kX differs from the ideal error kx† − x∗ kX by a quantity
of higher order than the best guaranteed accuracy of the reconstruction of x† from the most trustable
observation (15).
Note that in our analysis the balancing principle (26) has been used mainly for the theoretical reason.
In numerical experiments below the vector β̃ of the coefficients of the aggregator xag is found from the
system (12) with (20), where the regularization parameters αj are chosen by a version of the quasioptimality criterion which is described below: For the functional x̃j , x† X , we choose the value α = αj
from
ΣqN = {α(k) = α(0) q k : k ∈ N0N := 0, 1, . . . , N },

for some q > 1 such that
x̃j , xαj

X

D
E
− x̃j , xαj q−1

X

= min{ hx̃j , xα(k) iX − hx̃j , xα(k−1) iX : k ∈ NN }.

(31)

Observe that the balancing principle (26) and the version of the quasi-optimality criterion presented above
are similar in the sense that both parameter choice rules operate with the differences of the approximate
values hx̃j , xα iX of the quantity of interest x̃j , x† X . In the next section we demonstrate the performance
of the aggregation by the linear functional strategy, which is based on the parameter choice rule (31).
To close this subsection, we present the method of aggregation, labelled as “M3”, as the third method
for the parameter choice. For a series of regularized solutions corresponding to different parameter
choices, we do aggregation by using a single observation (15) for the approximation of the objective
aggregator with the regularization parameter being chosen by the quasi-optimality method. Algorithm
3.1 is presented below to describe the method.
Algorithm 3.1 for M3
Input: A, y e , x̃ := (x̃j : j ∈ Nn ) , Σ
Output: xag
1: for j = 1 to n do
2:
for k = j to n do
3:
Gk,j = Gj,k ← hx̃j , x̃k iX
4:
end for
5:
for l = 1 to |Σ|, where α(l) ∈ Σ do
(l)
6:
x(l) ← (α(l) I + A∗ A)−1 A∗ y e ; κ̃j ← x̃j , x(l)
7:
if l > 2 then
(l)
(l−1)
8:
∆(l) ← κ̃j − κ̃j
9:
end if
10:
end for
(l )
11:
l∗ = arg min{∆(l) , 2 6 l 6 |Σ|}; κ̃j ← κ̃j ∗
12: end for
13: β̃ ← G−1 κ̃, where G := (Gj,k : j, k ∈ Nn )
14: return xag ← x̃β̃

3.3

X

Using aggregation as a feasible solution to the joint inversion problem

With the above discussion, we are now ready to provide a landscape view of the proposed aggregation
scheme for the resolvent of the joint inversion problem. Consider the joint inversion problem of multiple
observation (1) and (2). We summarize below the general method applied to the joint inversion problem
in Algorithm 3.2.
Next, we prove convergence of Algorithm 3.2.


(j)
Theorem 3.7. If n vectors λ(j) := λi , i ∈ Nm , j ∈ Nn of weighted parameters for the objective

functional (5) are provided, x† ∈ Aϕ (R), where ϕ is an index function such that the function ω(t) =
10

t
ϕ(t)

Algorithm 3.2 for joint inversion


(j)
Input: yiei , Ai , i ∈ Nm , λ(j) := λi : i ∈ Nm , j ∈ Nn , Σ
Output: x̃
1: xe (j) ← (I + A∗ (j) Aλ(j) )−1 A∗ (j) y e , for all j ∈ Nn
λ
λ
λ
e
2: y e , A ← select the most trustable ones from input yi i , and the corresponding operators Ai : i ∈ Nm


3: return x̃ = xag ← call Algorithm 3.1 with parameters A, y e , x̃ := x̃j = xe (j) : j ∈ Nn , Σ
λ
is increasing, ω(0) = 0, and A is the operator corresponding to the most trustable observation chosen from
(1), then the aggregation scheme depending only on the given data generates the approximant x̃ = xag of
x† satisfying
n
o
kx† − x̃kX 6 min kx† − xeλ(j) kX + o(ϕ(θ−1 (ε))),
j

where xeλ(j) , j ∈ Nn , are the minimizers of the objective functional Φ defined by (5) with the parameters
λ = λ(j) .
Proof: For each λ(j) , j ∈ Nn , let

−1 ∗
x̃j := xeλ(j) = I + A∗λ(j) Aλ(j)
Aλ(j) y e .
By using the results of Theorem 3.6 with all conditions fulfilled, we have that
kx† − x̃kX = kx† − xag kX = kx† − x∗ kX + o(ϕ(θ−1 (ε))),
and x̃ = xag can be effectively attained by applying the aggregation scheme only depending on the input
data: multiple observation (1), (2) and λ(j) , j ∈ Nn . Moreover, by the definition of x∗ , we obtain that
n
o
n
o
kx† − x∗ kX 6 min kx† − x̃j kX = min kx† − xeλ(j) kX .
j

j

Combining the above discussion, we get the desired estimate.

✷

Theorem 3.7 reveals that when coping with a joint inversion problem while several possible weighted
parameter vectors for observation errors are provided and the best is not decided, an “aggregation” approach may achieve a more reliable result. Such an “aggregation of weighted parameters” is interpreted
in a way that it aggregates the solution candidates corresponding to each parameter vector. The “reliability” is in the sense that the error between the aggregator and the real solution will not exceed the one
between the solution candidate corresponding to any single weighted parameter and the real solution,
plus a term of higher order than the best guaranteed accuracy of the reconstruction error from the most
trustable observation equation one believes. Further, the retrospection of Theorem 3.6 also supports that
in general, better accuracy of the aggregated solution than any single solution may be expected. The
above theoretical suggestions are justified by the numerical tests in the following section.
4

Numerical Illustrations

We present in this section numerical experiments to demonstrate the efficiency of the proposed aggregation
method and to compare it with other existing methods in the literature. Our numerical experiments are
preformed with MATLAB version 8.4.0.150421 (R2014b) on the PC CELSIUS R630 Processor Intel(R)
Xeon(TM) CPU 2.80 GHz. All data are simulated in a way that they mimic the inputs of the SST-problem
and the SGG-problem described by the equations (1) with (3).
It is well-known (see, e.g., [9]) that the integral operators Ai defined by (3) with the kernels hi , i = 1, 2,
act between the Hilbert spaces X = L2 (ΩR0 ) and Yi = L2 (Ωρi ) of square-summable functions on the
spheres ΩR0 , Ωρi , i = 1, 2, and admit the singular value expansions

 
 
∞
2k+1
X
X 1
1
·
·
(i)
Yk,l
Yk,l
, x(·)
,
(32)
Ai x(·) =
ak
ρi
ρi
R0
R0
L2 (ΩR )
k=0

l=0

0

11

where {Yk,l (·)} is the orthonormal system of the spherical harmonics on the unit sphere Ω1 , and
 k
 k
k + 1 (2)
(k + 1)(k + 2)
R0
R0
(1)
, k ∈ N0 := {0, 1, . . .}.
, ak =
ak =
ρ1
ρ1
ρ2
ρ22

(33)

The solution x = x† to (1) with (3) models the gravitational potential measured at the sphere ΩR0 ,
3

that is expected to Dbelong to
Sobolev space H22 (ΩR0 ) (see, e.g., [27]), which means that its
 the
 spherical
E
3
Fourier coefficients R10 Yk,l R·0 , x†
should be at least of order O((k+1)− 2 ), k ∈ N0 . Therefore,
L2 (ΩR0 )

to produce the data for our numerical experiments we simulate the vectors
(
)

 
1
·
†
†
xk =
: l ∈ N2k+1 , k ∈ N0 ,
Yk,l
,x
R0
R0
L2 (ΩR )
0

of the Fourier coefficients of the solution x† in the form
3
x†k = (k + 1)− 2 ξk , k ∈ N0 ,
where ξk are random (2k+1)-dimensional vectors, whose components are uniformly distributed on [−1, 1].
In view of (32), the vectors of the Fourier coefficients
)
(

 
·
1
ei
: l ∈ N2k+1 , k ∈ N0
Yk,l
, yiei
yk,i
=
ρi
ρi
L2 (Ωρ )
i

of noisy data yiei are simulated as

(i)

ei
yk,i
= ak x†k + ei , k ∈ N0 , i = 1, 2,

where e1 , e2 ∈ R2k+1 are Gaussian white noise vectors which roughly correspond to (2) with ε1 : ε2 = 3 : 1.
All random simulations are performed 500 times such that we have data for 1000 problems of the form
(1) with (3). Moreover, we take R0 = 6371(km) for the radius of the Earth, and ρ1 = 6621(km), ρ2 =
6771(km). All spherical Fourier coefficients are simulated up to the degree k = 300, which is in agreement
with the dimension of the existing models, such as Earth Gravity Model 2008 (EGM2008). Thus, the
set of simulated problems consists of 500 pairs of the SGG- and SST-type problems (1) with (3). In our
experiments, each pair is inverted jointly by means of Tikhonov-Phillips regularization (4), (5) performed
in a direct weighted sum of the observation spaces Yi = L2 (Ωρi ), i = 1, 2, and we use three methods for
choosing the regularization parameters (weights) λ1 , λ2 .
In the first method (i.e. M1), we relate them according to (7). Recall that the data are simulated
such that ε1 : ε2 = 3 : 1. Therefore, we have λ2 = 9λ1 . Then the parameter λ1 is chosen according to the
40+j
standard quasi-optimality criterion from the geometric sequence Σ30 = {λ(j) = 10 8 : j ∈ N030 }. As a
result, for each of 500 pairs of the simulated problems we apply Algorithm 2.1 and obtain a regularized
approximation to the solution x† that will play the role of the approximant x̃1 .
In the second method (i.e. M2), the parameters λ1 , λ2 are selected from Σ30 according to the multiple
version of the quasi-optimality criterion. In this way, for each of 500 pairs of the simulated problems we
apply Algorithm 2.2 and obtain the second approximant x̃2 .
The third method (i.e. M3) consists in aggregating the approximnats x̃1 , x̃2 according to the methodology described in the end of Subsection 3.2. In our experiments the role of the most trustable observation
equation (14) is played by the equations of the SGG-type (3), (32), i = 2, because the data for them are
simulated with smaller noise intensity. Then the required regularization parameters α1 , α2 are selected
from the geometric sequence Σ30 in such a way that α11 , α12 ∈ Σ30 according to the quasi-optimality criterion (31). In this way, for each of 500 pairs of x̃1 , x̃2 , we apply Algorithm 3.1 and obtain an aggregated
solution xag .
The performance of all three methods is compared in terms of the relative errors kx† −x̃j kX /kx† kX , j =
1, 2, and kx† − xag kX /kx† kX . The results are displayed in Figure 4.1, where the projection of each circle
onto the horizontal axis exhibits a value of the corresponding relative error of one of the methods M1,
M2, and M3 in a joint inversion of one of 500 pairs of the simulated problems. From this figure we can
conclude that the aggregation by the linear functional strategy (Method M3) essentially improves the
accuracy of joint inversion compared to the aggregated methods. This conclusion is in agreement with
our Theorem 3.6.
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Figure 4.1: Examples of a joint regularization of two observation models. Relative errors of the regularization by a reduction to a single regularization parameter (M1), the regularization with a multiple
quasi-optimality criterium (M2), and the regularization by aggregation (M3).

Note that it is also possible to aggregate the approximants x̃j corresponding to different values of
the regularization parameter of a one parameter regularization scheme applied to a single observation
equation (1). In such a case this equation is also used within the linear functional strategy to approximate
the components κj = x̃j , x† X of the vector κ. This method is labeled with M4 and Algorithm 4.1 is
provided below. To illustrate this method (i.e. M4) we consider the SST-type problem (3),(32), i = 1. We
choose this problem because for the considered values R0 = 6371(km), ρ1 = 6621(km), ρ2 = 6771(km) it
is less ill-posed than the SGG-type problem (3),(32), i = 2. This can be seen from (33) when one compares
(1)
(2)
the rates of the decrease of the singular values ak and ak as k → ∞: both decrease exponentially fast,
(1)
(2)
but ak decreases slower than ak .
When applying Algorithm 4.1, we use the data simulated as above and for each of 500 equations of
the SST-type we construct the candidate approximants x̃j , j ∈ N30 of the form
x̃j = (αj I + A∗1 A1 )−1 A∗1 y1e1 ,
225+j

where αj traverses the geometric sequence Σ′30 = {α(j) = 10− 30 : j ∈ N030 }. In one way, we choose
the final approximant xQ1 according to the standard quasi-optimality criterion [28], which we label as
“Q1”. Then, in the other way, we continue Algorithm 4.1 by performing aggregation upon the candidate
approximations x̃j , j ∈ N30 with the most trustable observation equation being selected by the SST-type
problem itself and using the same geometric sequence Σ′30 .
Again the performance of the methods Q1 and M4 is compared in terms of the relative errors kx† −
xQ1 kX /kx† kX , and kx† − xag kX /kx† kX . The results are displayed in Figure 4.2, where the circles have
the same meaning as in Figure 4.1. Figure 4.2 shows that the aggregation based on the linear functional
strategy, which is equipped with the quasi-optimality criterion (31), essentially improves the accuracy of
the regularization, as compared to the use of the standard quasi-optimality criterion.
It is also instructive to compare Figure 4.1 with Figure 4.2. This comparison shows that the aggregation of the approximants coming from joint inversion of SGG- and SST-type models outperforms the
13

Algorithm 4.1 for M4
Input: A, y e , Σ′ where Σ′ is the parameter set
Output: xag
′
1: for j ′ = 1 to |Σ′ |, where α(j ) ∈ Σ′ do
′
′
2:
x̃(j ) ← (α(j ) I + A∗ A)−1 A∗ y e
3:
for k = 1 to j ′ do D
E
′
4:
Gk,j ′ = Gj ′ ,k ← x̃(j ) , x̃(k)
X
5:
end for
6: end for
7: for j = 1 to |Σ′ | do
8:
for l = 1 to |Σ′ | do
(l)
9:
κ̃j ← x̃(j) , x̃(l) X
10:
if l > 2 then
(l−1)
(l)
11:
∆(l) ← κ̃j − κ̃j
12:
end if
13:
end for
(l )
14:
l∗ ← arg min{∆(l) , 2 6 l 6 |Σ′ |}; κ̃j ← κ̃j ∗
15: end for
16: β̃ ← G−1 κ̃

17: return xag ← x̃β̃, where x̃ = x̃(j) : j ∈ N|Σ′ |
aggregation of the approximants coming from the single observation model. Clearly, Figures 4.1 and 4.2
demonstrate the advantage of the joint inversion.
5

Concluding Remarks

There is a need to reduce the uncertainty of biases when adopting regularization parameter choice methods, especially in the multi-parameter choice problem arising from the multi-penalty or multi-observation
inversion, e.g., joint inversion of multiple observations. It is of no doubt that suitable parameter choices
are critical for the accuracy of reconstruction which needs to be considered carefully in practice. Such
a matter usually depends on a concrete problem at hand, the a priori information we know from the
problem and the method we decide to use. However, unfortunately it is of no hope to gather the whole
information usually. Therefore, parameter choice schemes in the light of a priori or a posteriori principle
emerge but it seems that not a single one can avoid practice bias and drawback in certain extent, to the
extent of our knowledge. Moreover, different solutions resulted from different parameter choice methods
may compensate the flaw of each other. The methodology of aggregation is such a method to meet the
above requirements that a more reliable result with more tolerance of the reconstruction error can be
expected in a normal circumstance.
We conclude that the proposed linear aggregation of approximate solutions resulting from different
methods to the same quantity of interest might allow significant improvement of the reconstruction accuracy and reduction of the uncertainty of possible bias by using a single method. In another angle of
view, aggregation might be treated as a third method of the parameter choice scheme among, or an ideal
supplement to, the classical and state-of-art parameter choice methods in the literature. But it still needs
to point out that the efficiency of aggregation relies on the quality of “material” to be aggregated and the
underlying methods. In this sense, it is reasonable that the extent of “good quality” and “bad quality”
of the material should be within the tolerance of errors and the extent of co-linearity of the material
for aggregation in order to expect a better aggregation which, of cause, might exhibit different effects in
practice. Our theory guarantees the aggregation accuracy will not exceed any one by using only a single
parameter choice method plus a term of order higher than the best guaranteed reconstruction accuracy
from the most trustable observation equation one believes. Our experiments show that the results in
14
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Figure 4.2: Examples of the regularization of a single observation model. Relative errors of the regularization with the quasi-optimality criterion (Q1) and of the regularization by aggregation (M4).

practice might be more promising in most general cases.
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