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Stable Signal Reconstruction via ℓ1-Minimization in
Redundant, Non-Tight Frames
Markus Haltmeier

Abstract—In many signal and image processing applications
a desired clean signal is distorted from blur and noise. Reconstructing the clean signal usually yields to a high dimensional
ill-conditioned system of equations, where a direct solution would
severely amplify the noise. Stable signal reconstruction requires
the use of regularization techniques, which incorporate a-priori
knowledge about the signal. A particular successful property for
that purpose is the sparsity of the analysis coefficients of the
clean signal in a suitable frame or dictionary, which can be
implemented via ℓ1 -minimization. Most existing stable recovery
results for ℓ1 -analysis minimization require the frame to be an
orthonormal basis. This contrasts practical applications, where
redundant frames often perform better than bases. In this paper
we address this issue and derive stable recovery results for ℓ1 analysis minimization in redundant, possibly non-tight frames.

approximate but stable solutions of (I.1) that converge to u⋆
as δ → 0.
In this paper we assume that the analysis coefficients of the
clean signal u⋆ with respect to a redundant frame have small
ℓ1 -norm. We derive linear error estimates ku⋆ − uδ k ≤ cδ,
with some constant c ∈ (0, ∞), between the true signal u⋆
and the reconstructed signal uδ from noisy data obtained by
ℓ1 -minimization. Our main results (stated in Theorem III.8)
are formulated in a possible infinite dimensional setting.
These results, in particular, apply to finite dimensional signal
spaces, where the linear operator may be considered as matrix
K ∈ Rd×n , that defines an (essentially) underdetermined large
system of linear equations.

Index Terms—Sparsity, inverse problems, ℓ1 -minimization, stable signal reconstruction, analysis prior, sparse recovery, frames,
compressed sensing.

A. Regularization Methods

I. I NTRODUCTION

N

UMEROUS applications in signal and image processing require the approximate solution of a linear illconditioned or ill-posed equation
Ku = vδ

for given

vδ ∈ V .

(I.1)

Here K : U → V is a bounded linear mapping between Hilbert
spaces U and V modeling the data acquisition process and vδ
are available noisy data. We assume bounded noise, which
means that the given data satisfy the estimate kvδ − Ku⋆ k ≤
δ for some unknown noise-free data Ku⋆ and some known
bound δ > 0 for the noise level. The aim is to reconstruct an
approximation to u⋆ based on the available data vδ and the
noise bound δ.
The equation (I.1) is called ill-posed, if the operator K is
not continuously invertible. The prototype of such an ill-posed
problem is deconvolution, where (Ku) (x) = (u ∗ k) (x) is
the convolution of a signal u ∈ L2 (R) with a smooth kernel
function k : R → R. In such a case, the exact solution of
(I.1) may not exist (if Ran (K) 6= V), may not be unique
(if Ker (K) 6= {0}), or may be arbitrarily far away from the
true solution u⋆ (if K−1 is discontinuous). Discretizing an illposed problem yields to an ill-conditioned system of equations,
where direct solutions significantly amplify noise in the data.
In oder to make the signal reconstruction process stable,
regularization methods have to be applied, which use a-priori
knowledge about the true unknown u⋆ in order to construct
M. Haltmeier is with the Department of Mathematics at the University of Innsbruck, Technikerstraße 21a/2, 6020 Innsbruck, Austria
(ma.haltmeier@gmail.com).

Regularization methods have to account for both, the nonuniqueness and the instability of solving (I.1). Classical methods address these issues by forcing solutions to have small
quadratic Hilbert space norm. A common approach is k · k2 constrained regularization
minimize

kuk2

such that

kKu − vδ k ≤ δ .

(I.2)

Another closely related approach is to define regularized solutions uα,δ as minimizers of the classical Tikhonov functional
kKu − vδ k2 + αkuk2 .

(I.3)

where α is a properly chosen regularization parameter. Note
that (I.3) and (I.2) are equivalent if the parameter α is selected
according to Morozov’s discrepancy principle, which chooses
the largest α = α(vδ , δ) such that kKuα,δ − vδ k = δ. However, Tikhonov regularization can also be applied with other
parameter choice rules in which case the two reconstruction
methods are not equivalent.
Standard results of regularization theory [1], [2] then show
that (I.2) and (I.3) have unique minimizers which strongly
converge to the minimal norm solution of the equation Ku = v
as the noise level tends to zero. However these classical Hilbert
space methods suffer from two shortcomings.
1) In the case that the operator K is not injective, among
all solutions of the noise free equation Ku = v, the one
with smallest Hilbert space norm k · k is approximated.
Several recent applications (probably the most prominent
being compressed sensing) show that these solution are
often not the relevant ones in practice.
2) In the case that the inverse of K is discontinuous (or has
large norm), the convergence of the regularized solutions
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uδ to the minimal norm solution u⋆ is slow. In order to
get reasonable error estimates the true signal has to satisfy
additional assumptions, such as u⋆ = KT λ for some λ ∈
V. Good error estimates require small value of kλk. For
severely ill-posed problems (such as deconvolution) this
is a strong smoothness assumption on u⋆ . As a result,
only low-resolution signals are recovered accurately.
Recent studies demonstrate that both shortcomings of
quadratic regularization can be avoided by replacing the
quadratic penalty k · k2 with non-differentiable penalties, such
as the ℓ1 -norm or the total variation, which can provide
accurate approximations to high resolution signals.
B. Sparse ℓ1 -Regularization
In this paper we focus on regularization methods based on
the ℓ1 -norm of the analysis coefficients with respect to some
prescribed frame D = {φω : ω ∈ Ω} of the Hilbert space U.
We denote by ΦT u = (hφω , ui : ω ∈ Ω) the analysis operator
corresponding to D and aim at finding approximate solutions
of (I.1) having small value of
X
kΦT uk1 =
|hφω , ui| .
(I.4)
ω∈Ω

This accounts for the fact that signals of practical interest
are often much better represented by solutions having small
kΦT uk1 instead of solutions with small Hilbert space norm.
The first method we will analyze is ℓ1 -constrained regularization, which replaces the quadratic Hilbert space norm kuk2
in (I.2) by kΦT uk1 and considers solutions of
minimize kΦT uk1
such that kKu − vδ k ≤ δ .

(I.5)

We will also study the following unconstrained version of (I.5),
which we will refer to as ℓ1 -Tikhonov regularization. There,
regularized solutions are defined as minimizers of
Tvδ ,α (u) := kKu − vδ k2 + αkΦT uk1 .

(I.6)

Again, the minimization problems (I.6) and (I.5) are equivalent
if the regularization parameter α in Tikhonov regularization
is chosen according to Morozov’s discrepancy principle, but
differ for other parameter choice rules.
Assume for the moment that the family D is an orthonormal
basis of the space U. Then, under the assumptions
that the

source condition Φ ◦ ∂k · k1 (u⋆ ) ∩ Ran KT 6= ∅ is satisfied
(here ∂k · k1 denotes the subdifferential of the ℓ1 -norm;
see Lemma II.3) and that K is injective on a certain finite
dimensional subspace of U, in [3], [4] we derived the linear
error estimates ku⋆ − uδ k ≤ cδ for the minimizers uδ of
either (I.6) and (I.5). Hence, solving the ill-posed equation
by ℓ1 -minimization provides the same linear error estimate
as a well posed problem would offer. In the orthonormal
basis case, linear error estimates for ℓ1 -minimization appeared
earlier in the compressed sensing (or compressive sampling)
context in [5]. These results are stronger in the sense that
the estimates there hold uniformly for all sufficiently sparse
solutions. However, the results of [5] require the stronger
assumption that the operator K satisfies the so called restricted

isometry property (RIP). Indeed, as shown in [3], even in
a possibly infinite dimensional setting, the RIP implies the
source condition uniformly for all sufficiently sparse elements.
The RIP is known to be satisfied for many random matrices
(with high probability) and is therefore of high importance for
compressed compressed sensing, where the sensing matrix can
be designed at last with some degree of freedom. In contrast,
in typical inverse problems, such as in deconvolution, the
operator K is non-random, often specified by the specific application and does not satisfy the restricted isometry property.
In such a situation the estimates of [3], [4] still provide unique
and stable recovery for certain sparse elements.
The error estimates of [3], [4] require the family D to be
an orthonormal basis. However, in typical signal and image
processing applications much better reconstruction results are
usually obtained when redundant systems (such as translation
invariant wavelets) are used instead of orthonormal ones (such
as orthonormal wavelets). The goal of this paper is to close the
gap between theory and application and to derive linear error
estimates for ℓ1 -regularization in redundant, possibly non-tight
frames.
C. Analysis vs Synthesis Prior
The minimization problems (I.5) and (I.6) are designed to
provide stable approximations to solutions of the constrained
minimization problem
minimize

kΦT uk1

such that

Ku = v .

(I.7)

The solutions of the minimization problem (I.7) are those
solutions of the equation Ku = v whose analysis coefficients
ΦT u have minimal ℓ1 -norm. A different solution approach
would be to takeP
another frame {ψω : ω ∈ Ω} with synthesis
operator Ψx = ω∈Ω ψω x(ω) and to consider solutions of
the equation Ku = v that are synthesized in the new frame
by vectors with small ℓ1 -norm. More precisely, one defines
u⋆ = Ψx⋆ , where x⋆ is a solution of
minimize
such that

kxk1
KΨx = v .

(I.8)

Again one can define stable versions of this minimization
problem by either a constrained approach or a penalty approach. According to the terminology of [6], regularization
methods based on (I.8) use an ℓ1 -synthesis prior, whereas
regularization methods based on (I.7) use an ℓ1 -analysis prior.
In that case that D is a basis, then the choice Ψ = (ΦT )−1
makes the analysis approach and the synthesis approach equivalent. In this case, one readily verifies that u⋆ is a minimizer
of (I.7) if and only if x⋆ = ΦT u⋆ is a minimizer of (I.8). If
D is a redundant dictionary, however, the two approaches are
different, as discussed extensively in [6], [7].
It may depend on a particular situation which of the two
approaches should be favored. For the solution of ill-posed
problems, however, the analysis approach seems to be more
natural for at least two reasons. First, the synthesis approach
should solve the ill-posed equation Ku = v and at the same
time would solve a sparse approximation problem for the
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potential solution. This may be a too ambitious goal. Second,
the parameter space ℓ2 (Ω) is much higher dimensional then
the signal space U, and therefore the new equation KΨx = v
considered in the synthesis approach (I.8) is even more illposed and underdetermined than the original one.
D. Main Results
As the main results of this paper, we derive sufficient
conditions that guarantee linear error estimates for ℓ1 -analysis
regularization in redundant frames using the unconstrained
program (I.5) or the unconstrained version (I.6). Roughly
spoken our results are as follows. Under the assumptions that
1) ΦT u⋆ is a sparse sequence,

2) Φ ◦ ∂k · k1 (ΦT u⋆ ) ∩ Ran KT 6= ∅,
3) K is injective on a certain finite dimensional subspace
U⋆ ⊂ U,
we derive the linear stability estimates
kuδ − u⋆ k ≤ c1 δ ,

(I.9)

kuα,δ − u⋆ k ≤ c2 δ ,

(I.10)

for minimizers uδ , uα,δ of (I.5) and (I.6), respectively. Note
that the subspace U⋆ as well as the constants c1 and c2
depend on the operator K and the signal u⋆ . A more precise
formulation of these statements will be given in Theorem III.8.
A prototypical application we have in mind is deconvolution. Assuming that the convolution operator K is already in
discretized form and invertible, the direct solution K−1 vδ of
Equation (I.1) provides the linear error estimate kK−1 vδ −
u⋆ k ≤ kK−1 kδ (which cannot be improved assuming bounded
noise). Due to the ill-conditioning of deconvolution, however,
the error bound kK−1 k is typically enormous and therefore
this estimate is useless. On the other hand, the constants c1
and c2 in our error estimates for the ℓ1 -programs depend on
the norm of K−1 on the possibly small subspace U⋆ ⊂ U
only. In the case that u⋆ is sufficiently sparse and the chosen
dictionary D is sufficiently uncorrelated to the Fourier basis,
these constants may be well behaved even for high frequent
signals u⋆ .

case of redundant frames one requires injectivity of K on a
finite dimensional subspace spanned the dual frame elements
instead of the original frame elements; these subspaces spaces
may be completely different. A further (minor) modification
is that we introduce an additional positive parameter, that
allows balancing two terms arising in the constants in our
estimates. This additional freedom can be exploited to obtain
even sharper constants in the linear error estimates.
To the best of our knowledge, linear error estimates for
the redundant case can only be found in [21], [22], [23]. The
estimate derived in [21, Theorem 1.4] requires D to be a tight
fame and is based on a generalization of the restricted isometry
property (RIP) from compressed sensing. The error estimate
of [23, Theorem 5] generalizes the exact recovery condition of
Tropp [19] to the redundant case. Both results and methods are
quite different from ours. In [22] error estimates for positively
homogeneous regularization functionals have been derived
which allow penalties of the form kΦT uk1 with nonorthogonal
ΦT : U → ℓ2 (Ω). Under a different injectivity assumption
[22, Theorem 4.4] yields linear estimates in terms of the
regularization functional for the unconstrained program (I.6).
In contrast to [22], in the present article we focus on estimates
in the Hilbert space norm with explicitly computed constants.
Moreover, we consider both the unconstrained program (I.6)
as well as the constrained version (I.5).
II. N OTATION

AND

P RELIMINARIES

Throughout the paper U and V denote separable possibly
infinite dimensional Hilbert spaces over R with inner products
h ·, · i and norms k · k. Moreover, for any at most countable set
Ω and any p ≥ 1 we denote by ℓp (Ω) = ℓp (Ω; R) the Hilbert
space of all real-valued vectors {x(ω) : ω ∈ Ω} such that
X
kxkpp :=
|x(ω)|p < ∞ .
ω∈Ω

In the remaining part of this section we shall introduce the
notions of frames, subdifferentials and Bregman distance and
collect some results required for later purpose.
A. Frames

E. Relations to Prior Work
Note that the linear error estimates for (I.5) and (I.6)
derived in this paper in particular imply the uniqueness of
the minimizer of (I.7). In case where D is an orthonormal
basis, uniqueness and linear error estimates have been studied
extensively in the compressed sensing context [8], [5], [9],
[10], [11], [12], [13], the sparse recovery context [14], [15],
[16], [17], [18], [19], as well as in the inverse problems
context [3], [4], [20], [2]. Similar results for the redundant
case, however, are almost non-existent.
Our main results can be seen as a generalization of the error
estimates of [3] from the orthogonal basis case to the case of
redundant frames. The architecture of our proofs follows the
one given that paper and utilizes error estimates for convex
regularization in terms of the Bregman distance. However, the
main ingredients for obtaining the actual estimates in terms
of the norm distance are quite different. Most notably, in the

Recall that the family D = {φω : ω ∈ Ω} is a frame of U
if there are constants 0 < a ≤ b < ∞ such that
X
2
(∀u ∈ U)
akuk2 ≤
|hφω , ui| ≤ bkuk2 .
(II.1)
ω∈Ω

The smallest and largest numbers a and b, respectively, that
satisfy the estimates in (II.1) are called the frame bounds of D.
If the upper and lower frame bound coincide, then the frame
is said to be tight.
We denote by ΦT : U → ℓ2 (Ω) the analysis operator
corresponding to D, which takes some signal u ∈ U to
the coefficient vector ΦT u := {hφω , ui : ω ∈ Ω}. Its
adjoint
is known as synthesis operator and is given by Φx =
P
T
2
φ
ω x(ω) for any x ∈ ℓ (Ω). The composition ΦΦ u =
ω∈Ω
P
ω∈Ω φω hφω , ui is called the frame operator. According to
the frame property (II.1) it is an invertible linear mapping.
In particular, the dual elements ψω := (ΦΦT )−1 φω are well
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defined. They again form a frame {ψω : ω ∈ Ω} of U, named
the dual frame. The synthesis operator Ψ corresponding the
dual frame is equal to the pseudoinverse (ΦΦT )−1 Φ of the
analysis operator of the original
Pframe. In particular, the signal
representation u = ΨΦT u = ω∈Ω ψω hφω , ui holds for any
signal u ∈ U.
Finally, we say that a signal u ∈ U is D-sparse, if ΦT u has
at most finitely many nonzero components.
B. Subdifferential and Bregman Distance
An important role in the derivation of error estimates for
convex regularization plays the notion of subdifferential.
Definition II.1. Let R : U → R ∪ {∞} be a convex functional
and let u⋆ be any point in Dom (R) := {u ∈ U : R (u) < ∞}.
Then η ∈ U is called a subgradient of R at u⋆ if
R (u⋆ ) + hη, u − u⋆ i ≤ R (u)

for all u ∈ U .

(II.2)

The set of all subgradients at u⋆ is referred to as subdifferential
of the functional R at u⋆ and is denoted by ∂R (u⋆ ) ⊂ U.
For the proof of the main results will use estimates for
general convex regularization (see Lemma III.1) in terms of
the Bregman distance, which is defined as follows.
Definition II.2. Let R : U → R∪{∞} be a convex functional,
let u, u⋆ ∈ U denote two elements in U and assume that
η ∈ ∂R(u⋆ ) is a subgradient of R at u⋆ . Then the Bregman
distance between u and u⋆ with respect to η is defined by
dR
η (u, u⋆ ) := R(u) − R(u⋆ ) − hη, u − u⋆ i .
For a differentiable functional, the subdifferential at some
u⋆ is single valued and only consist of the usual gradient
∇R (u⋆ ). In particular, in the case where R (u) = 1/2 kuk2,
one easily sees that ∂R(u⋆ ) = {u⋆ }. Moreover, the Bregman distance then reduces to the squared norm distance
2
dR
η (u, u⋆ ) = 1/2 ku − u⋆k . This is, however, not the case for
more general functionals, where the Bregman distance may
not even be a metric.
For our purpose we will require of the Bregman distance
with respect to the ℓ1 -norm, considered as functional on ℓ2 (Ω)
that takes the value ∞ outside ℓ1 (Ω). Note that subgradients
of k · k1 are elements in the coefficient space ℓ2 (Ω) and will
be denoted by ξ = {ξ(ω) : ω ∈ Ω} ∈ ℓ2 (Ω) opposed to the
notation η for a subgradient in U.
Lemma II.3.
1) We have ∂k · k1 (x⋆ ) 6= ∅ if and only if x⋆ ∈ ℓ2 (Ω) is a
terminating sequence. Moreover, we have
∂k · k1 (x⋆ ) := {ξ ∈ ℓ2 (Ω) : ξ(ω) ∈ Sign(x(ω))} ,
where Sign is defined by Sign(t) = [−1, 1] for t = 0 and
Sign(t) = {t/|t|} otherwise.
2) The Bregman distance between x and x⋆ with respect to
ξ ∈ ∂k · k1(x⋆ ) is given by
X
k·k
dξ 1 (x, x⋆ ) =
|x(ω)| − ξ(ω)x(ω) .
ω∈Ω

Proof: Both Items are elementary and have been frequently used in ℓ1 -regularization. Since we will repeatedly
make use of these facts we include a short proof. For the
functional k · k1 , condition (II.2) reads (with x⋆ , x, ξ ∈ ℓ2 (Ω)
in place of u⋆ , u, η ∈ U)
X
X
X
|x⋆ (ω)| +
ξ(ω) (x(ω) − x⋆ (ω)) ≤
|x(ω)| ,
ω∈Ω

ω∈Ω

ω∈Ω

for all x ∈ ℓ2 (Ω). Hence we have ξ ∈ ∂k · k1 (x⋆ ) if and only
if ξ(ω) ∈ ∂| · | (x⋆ (ω)) for all ω ∈ Ω. The subdifferential of
| · | at some a0 ∈ R is given by Sign (a0 ) which yields the
claims in Item 1. Now, if ξ ∈ ∂k · k1 (x⋆ ) one readily verifies
kx⋆ k1 = hξ, x⋆ i which shows Item 2.
III. ℓ1 -A NALYSIS R EGULARIZATION
Throughout the following D = {φω : ω ∈ Ω} denotes
a frame of U with frame bounds a ≤ b, analysis operator
ΦT , and dual frame {ψω : ω ∈ Ω}. Moreover we define the
functional R : U → R ∪ {∞} by
X
R (u) := kΦT uk1 =
|hφω , ui| .
(III.1)
ω∈Ω

Our aim is to derive error estimates for ℓ1 -constrained regularization defined by Equation (I.5) and ℓ1 -Tikhonov regularization defined by Equation (I.6).
A. Error Estimates in the Bregman Distance
From general theory of convex variational regularization we
have the following error estimates in terms of the Bregman
distance defined in Definition II.2.
Lemma III.1. Suppose that u⋆ ∈ U is D-sparse and assume
that there exists some element

η = KT λ ∈ Ran KT ∩ ∂R (u⋆ ) .
(III.2)
Then, for every δ > 0 and every data vδ ∈ V satisfying
kKu⋆ − vδ k ≤ δ the following assertions hold true.
1) Every minimizer uδ of constrained ℓ1 -programm satisfies
dR
η (uδ , u⋆ ) ≤ 2δkλk.
2) Every minimizer uα,δ of (I.6) satisfies
(δ + αkλk/2)2
,
α
kKuα,δ − vδ k ≤ δ + αkλk .
dR
η (uα,δ , u⋆ ) ≤

Here α > 0 is any regularization parameter.
Proof: The estimate in Item 1 has been derived in [24,
Theorem 3] and the estimates of Item 2 in [3, Lemma 3.5].
Remark III.2. Note that Lemma III.1 holds for any convex
regularization functional and not only for the ℓ1 -analysis
penalty considered in this paper. Condition (III.2) then
 generalizes the classical source condition u⋆ ∈ Ran KT used for
deriving convergence rates for classical Hilbert space regularization (recall that the subdifferential of 1/2 k · k2 at some
u⋆ equals {u⋆ }). However, for non-differential R, condition
(III.2) does not require u⋆ to be smooth but rather imposes

5

the existence of a smooth subgradient at u⋆ . Hence it allows
non-smooth signals containing high frequencies.
Lemma III.3. Let u⋆ ∈ U be sparse with respect to D and
let ξ be a subdiffential of k · k1 at ΦT u⋆ .
1) We have η := Φξ ∈ ∂R (u⋆ ) 6= ∅.
P
2) For any u ∈ U we have dR
η (u, u⋆ ) =
ω∈Ω |hφω , ui| −
ξ(ω) hφω , ui.

Proof: Let ξ be any subgradient of k · k1 at ΦT u⋆ . Since
Φ is a bounded operator, the element η = Φξ is well defined
in U. Moreover, we have
kΦT u⋆ k1 + hΦξ, u − u⋆ i
= kΦT u⋆ k1 + hξ, ΦT u − ΦT u⋆ i ≤ kΦT uk1 ,

which shows Item 1. The above identity also shows that
k · k1
dR
(ΦT u, ΦT u⋆ ). Hence Item 2 follows from
η (u, u⋆ ) = dξ
the second Item in Lemma II.3.
Lemma III.4. Assume that there exists some subgradient
having the form η = KT λ = Φξ with ξ ∈ ∂k · k1 (ΦT u⋆ )
and λ ∈ V, and define, for any t ∈ (0, 1), the set
Ω⋆ = Ω⋆ (ξ, t) := {ω ∈ Ω : |ξ(ω)| > t} .
Then the following hold.
1) Ω⋆ is is a finite set.
2) max{|ξ(ω)| : ω 6∈ Ω⋆ } ≤ t.
3) For any u ∈ U we have
sX
dR
η (u, u⋆ )
|hφω , ui|2 ≤
.
1−t

(III.3)

(III.4)

ω6∈Ω⋆

Proof: The first two claims immediately follow from the
fact that ξ ∈ ℓ2 (Ω) and hence must be a sequence converging
to zero. Now, Lemma III.3 states that
X
dR
|hφω , ui| − ξ(ω)hφω , ui .
η (u, u⋆ ) =
ω∈Ω⋆

Further, since t ≤ |t| for any real number t ∈ R and since the
ℓ1 -norm k · k1 dominates the ℓ2 -norm k · k2 , we have
X
|hφω , ui| − ξ(ω)hφω , ui
ω∈Ω

≥

X

|hφω , ui| − |ξ(ω)| |hφω , ui|

ω∈Ω

≥ (1 − t)

X

|hφω , ui|

ω6∈Ω⋆

≥ (1 − t)

sX

|hφω , ui|2 .

ω6∈Ω⋆

Combining the last two displayed equations yields Item 3.
Remark III.5. Recall that our aim is the derivation of
estimates for the norm-distance kuδ − u⋆ k between the true
unknown u⋆ ∈ U and minimizers uδ of (I.5) (or minimizers
of (I.6)). According to the frame property it is sufficient
to derive such estimates for the ℓ2 -norm of the sequence
{hφω , uδ − u⋆ i : ω ∈ Ω}.

Equation (III.4) together with the estimates in Lemma III.1
yield nontrivial estimates for the ℓ2 -norm of {hφω , uδ −
u⋆ i : ω 6∈ Ω⋆ }. However, for every t ∈ (0, 1), we have
supp(ΦT u⋆ ) ⊂ Ω⋆ . This implies that (except in the trivial
case u⋆ = 0), the set Ω⋆ is non-empty and that (III.4) does not
provide an estimate for the inner products hφω , uδ − u⋆ i with
ω ∈ Ω⋆ . In order to establish estimates for these coefficients,
and thus finally for the norm distance kuδ − u⋆ k, one has
to additionally take into account the known estimates for
kKuδ − Ku⋆ k and to make additional assumptions on u⋆ .
In the case that D is an orthonormal basis, we showed in [3]
that the injectivity of K on Span{φω : ω ∈ Ω⋆ } is sufficient
for that purpose. In the more general frame case considered
below we will see that the injectivity on the space spanned by
the dual elements ψω (instead of the original ones φω ) with
ω ∈ Ω⋆ is the right sufficient assumption (see Assumption III.6
and Theorem III.8 below).
B. Main Error Estimates
In the following we present the main results of this paper.
They will be derived under the following assumptions on the
interplay between the exact solution u⋆ ∈ U, the frame D, and
the operator K; compare with Remark III.5 above.
Assumption III.6.
1) K : U → V is a bounded linear mapping between the
Hilbert spaces U and V.
2) D = {φω : ω ∈ Ω} is a frame of U with dual frame
{ψω : ω ∈ Ω}.
3) The element u⋆ ∈ U is D-sparse.
4) We have η := Φξ = KT λ for some ξ ∈ ∂k · k1(ΦT u⋆ )
and some source element λ ∈ V.
5) For some t ∈ (0, 1), the restricted mapping
KΩ⋆ := K

Span{ψω :ω∈Ω⋆ }

(III.5)

is injective. (Here Ω⋆ is defined by (III.3).)
Remark III.7. Since the space Span{ψω : ω ∈ Ω⋆ } is finite
dimensional (see Lemma III.4), the operator KΩ⋆ : Span{ψω :
ω ∈ Ω⋆ } → V is boundedly invertible and therefore the
operator-norm kK−1
Ω⋆ k is well defined and finite.
We now have the following error estimates for ℓ1 -Tikhonov
regularization and constrained regularization with ℓ1 -analysis
penalty in terms of norm-distance on U.
Theorem III.8. Suppose that Assumption III.6 holds, and that
vδ ∈ V are noisy data satisfying kKu⋆ − vδ k ≤ δ. Then the
following hold:
1) Every minimizer uδ of (I.5) satisfies kuδ − u⋆ k ≤ c1 δ,
with
!
1 + kK−1
Ω⋆ k kKk
−1
c1 := 2 kKΩ⋆ k + kλk
.
a1/2 (1 − t)
2) For the parameter choice α = Cδ, every minimizer uδα
of (I.6) satisfies kuα,δ − u⋆ k ≤ c2 δ, with
c2 := kK−1
Ω⋆ k (2 + Ckλk)
+

2
1 + kK−1
Ω⋆ k kKk (1 + Ckλk/2)
.
C
a1/2 (1 − t)
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Recall that Ω⋆ is defined by (III.3) (and depends on t ∈ (0, 1)),
that KΩ⋆ denotes the restriction of K to the finite dimensional
subspace Span{ψω : ω ∈ Ω⋆ }, that λ is the source element of
Item 4 in Assumption III.6, and that a > 0 is the lower frame
bound of D.
Proof: The proof will be divided into several Lemmas
and will be given in the following Subsection III-C.

Further, the frame property implies kΨk = a−1/2 . Together
with the definition of PΩ⋆ this yields
kPΩc⋆ uk = kΨΠΩc⋆ ΦT uk
≤ a−1/2 kΠΩc⋆ ΦT uk2 ≤

dR
η (u, u⋆ )
,
1/2
a (1 − t)

and concludes the proof.
Lemma III.12. For any u ∈ U we have

C. Proof of Theorem III.8

ku − u⋆ k ≤ kK−1
Ω⋆ k kKu − Ku⋆ k

Let u⋆ , ξ, η, λ, t and KΩ⋆ be as in Assumption III.6
and let vδ be noisy data with kKu⋆ − vδ k ≤ δ. Moreover,
we denote the standard basis in ℓ2 (Ω) by {eω : ω ∈ Ω}.
For the following considerations it is convenient to define the
orthogonal projectors ΠΩ⋆ , ΠΩc⋆ : ℓ2 (Ω) → ℓ2 (Ω),
X
ΠΩ⋆ x :=
eω x(ω) ,
ω∈Ω⋆

ΠΩc⋆ :=

X

eω x(ω) .

ω6∈Ω⋆

Finally, we set PΩ⋆ := ΨΠΩ⋆ ΦT and PΩc⋆ := ΨΠΩc⋆ ΦT ,
where ΦT is the analysis operator corresponding to the frame
D and Ψ the synthesis operator corresponding to the dual
frame {ψω : ω ∈ Ω}.
The following relations immediately follow from the above
definitions.
Lemma III.9. For any u ∈ U, the following hold.
P
1) PΩ⋆ u = ω∈Ω⋆ ψω hφω , ui
P
2) PΩc⋆ u = ω6∈Ω⋆ ψω hφω , ui
3) u = PΩ⋆ u + PΩc⋆ u.
Note, however, that the operators PΩ⋆ and PΩc⋆ are not
orthogonal projectors unless D is an orthogonal basis.
Lemma III.10. For every u ∈ U we have

−1
kuk ≤ kK−1
Ω⋆ k kKuk + 1 + kKΩ⋆ k kKk kPΩc⋆ uk .

Proof: The triangle inequality and the well-definedness
of kK−1
Ω⋆ k (see Remark III.7) yield
kuk ≤ kPΩ⋆ uk + kPΩc⋆ uk
≤ kK−1
Ω⋆ k kKΩ⋆ PΩ⋆ uk + kPΩc⋆ uk
=
≤

kK−1
Ω⋆ k kKu − KPΩc⋆ uk + kPΩc⋆ uk

−1
kK−1
Ω⋆ k kKuk + 1 + kKΩ⋆ k kKk kPΩc⋆ uk .

This shows the claim.

Lemma III.11. For any u ∈ U we have
kPΩc⋆ uk ≤

dR
η (u, u⋆ )
.
a1/2 (1 − t)

Proof: From Equation (III.4) it follows that
kΠΩc⋆ ΦT uk2 ≤

1
dR (u, u⋆ ) .
1−t η

1 + kK−1
Ω⋆ k kKk R
dη (u, u⋆ ) .
1/2
a (1 − t)
Proof: This follows from Lemmas III.10 and III.11.
+

Now we are ready to establish Theorem III.8.
Proof of Item 1. Let uδ denote a minimizer of (I.5). By Item 1
in Lemma III.1 we have dR
η (uδ , u⋆ ) ≤ 2kλkδ. Moreover since
u⋆ is an admissible element for (I.5) we have
kKuδ − Ku⋆ k ≤ kKuδ − vk + kKu⋆ − vk ≤ 2δ .
Together with Lemma III.12 these estimates imply
kuδ − u⋆ k ≤ kK−1
Ω⋆ k kKuδ − Ku⋆ k
1 + kK−1
Ω⋆ k kKk R
dη (uδ , u⋆ )
1/2
a (1 − t)
1 + kK−1
Ω⋆ k kKk
≤ kK−1
k
2δ
+
2kλkδ
Ω⋆
1/2
a (1 − t)
!
1 + kK−1
Ω⋆ k kKk
−1
δ.
= 2 kKΩ⋆ k + kλk
a1/2 (1 − t)
+

Recalling the definition of the constant c1 yields the final claim
kuδ − u⋆ k ≤ c1 δ.
Proof of Item 2. Let uα,δ denote a minimizer of the Tikhonov
functional in (I.6) with α = Cδ. Then by Item 2 in Lemma
III.1 and the noise bound kKu⋆ − vδ k ≤ δ we have the
estimates
kKuα,δ − Ku⋆ k ≤ 2δ + αkλk ,
2

(δ + αkλk/2)
.
α
Hence Lemma III.12 and the parameter choice α = Cδ imply
that
dR
η (uα,δ , u⋆ ) ≤

kuα,δ − u⋆ k ≤ kK−1
Ω⋆ k kKuα,δ − Ku⋆ k
1 + kK−1
Ω⋆ k kKk R
dη (uα,δ , u⋆ )
1/2
a (1 − t)
≤ kK−1
Ω⋆ k (2δ + αkλk)
+

2
1 + kK−1
Ω⋆ k kKk (δ + αkλk/2)
α
a1/2 (1 − t)
−1
= kKΩ⋆ k (2 + Ckλk) δ

+

2
1 + kK−1
Ω⋆ k kKk (1 + Ckλk/2)
δ.
C
a1/2 (1 − t)
Recalling the definition of the constant c2 yields the final claim
kuα,δ − u⋆ k ≤ c2 δ and concludes the proof of Theorem III.8.

+
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IV. C ONCLUSION
In this paper we derived linear error estimates for ℓ1 analysis regularization of linear ill-posed problems (see Theorem III.8) assuming a sparsity prior for ΦT u⋆ . Whereas a
large amount of such results is available in the orthogonal
basis case (see, for example, [5], [10], [15], [17], [12], [3],
[19]) our results are among the first for the redundant frame
case.
In the case where D is an orthonormal basis we showed
in [3] that Assumption III.6 is not only sufficient but also
necessary for the linear error estimates. It would be interesting
to know if similar results also hold for redundant systems.
Further, it would be interesting to investigate relations between
the recovery criteria RC(I) of [23], which allows linear error
estimates for ℓ1 -analysis minimization (at least in the finite
dimensional setting), and our Assumption III.6.
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